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Abstract
In this article we introduce the singular tangle, singular rational
tangle. Topological folding, conditional topological folding of
rational tangles are deduced. All types of topological folding of a
tangle into itself are discussed. The limit of all types of topological
folding is described. The relations between tangle, rational tangle
and braid are studied.
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I. Introduction and Background
A braid theory introduced by E. Artin at 1925, and the concept
of braid theory was found to have applications in other fields
after the 1950s and this gave fresh impetus to the study of braids.
More studies on braid theory are studied by many researches
by this braid theory has gradually been prospected, refined and
polished. In mathematics it is, now, recognized from one of the
basic theories, and is of benefit in such branches as topology and
algebraic geometry. Also, it is of profound use in other areas of
the sciences physics, statistical mechanics, chemistry and biology.
The iridescent hue of this concepts flowering into full bloom
and activity occurred in 1984, when V.Jones put into action with
inordinate success the original aim of Artin. i.e. the application of
braids to knot theory. A tangle is a generalization of the concept of
a braid. During the period from the end of the 1960s through the
beginning of the 1970s, Conway pursued the objective of forming
a complete table knots,the knot invariants that had been discovered
up to that point in time were not sufficient to accomplish this
aim, therefore, Conway pulled another jewel from this bag of
cornucopia and introduced the concept of a tangle. In this article
our intention introduces the concepts of topological folding and
conditional topological folding of tangle, and we will discuss
the relation under topological folding between braid and tangle,
continuations of the four articles [1,2,3,4] ,which is a new direction
on knot theory. The folding of manifold defined by Rebortson [5]
and the folding of manifold into another, or into itself are studied
by El-Kholy [6] and El-Ghoul [7-11].
Here we will summarize some definitions and basic concepts
which we will use it in the main results.
Definition 1.1 [12-13]
Let D be a unit cube, so D = {(x,y,z): 0 ≤ x, y, z ≤ 1} on the top
face of cube place n points, a1, a2,…,an, and similarly place n
points on the bottom face b1, b2,…,bn.
Now, join the points a1, a2,…, an with b1, b2,…,bn by means
of n arcs d1, d2,…,dn (as smooth curves), this arcs are mutually
disjoint and each di connects some aJ to bK (J = K Or J ≠ K) not
connect aJ to aK or bJ to bK.
Each plane Es, such that Z = S, 0 ≤ S ≤ 1
(parallel to xy- plane) intersections each arc di at one and only
one point. A configuration of n arcs d1, d2,…,dn with end points
a1, a2,…,an and b1, b2,…,bn is called n – braid or a braid with n
strings denoted by βn see fig. 1.
w w w. i j e a r. o r g

Fig. 1:
Definition 1.2 [13]
Let D be a unit cube with n points a1, a2,…,an on the top face
and n points b1, b2,…,bn on the bottom face. A set of n mutually
disjoint simple arcs d1, d2,…,dn in D that connect a1, a2,…,an to
bJ1, bJ2,…,bJn respectively, is called a (n, n)-tangle, where (J1,
J2,…,Jn) is a permutation of (1,2,…….,n) in fig. 2 a is (1,1)-tangle
and b is a (2,2)- tangle.

(b)
(a)
Fig. 2:
Note that every n-braid is a (n , n)-tangle, the converse is not
true.
Definition 1.3 [14]
A map F : M →N, where M,N are C ͚ Rimannian manifolds of
dimension m , n , respectively, is said to be an isometric folding
of M into N, if and only if for any geodesic path g : J →M the
induced path F o g : J →N is a piecewise geodesic and of the same
length as g .if F does not preserve length ,then F a topological
folding.
Definition 1.4 [15]
An n- dimensional manifold is a Housdorff topological space M
,such that every point of M has a neighborhood homeomorphic
to open set U ⊂ Rn
Definition1.5 [1]
A folding which folds a point of upper arc crossing on a point of
lower crossing is said to be a crossing topological folding.
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Definition 1.6 [16,13]
Let A be a subset of a topological space X .A continuous map r∶
X →A is said to be retraction if r(a)=a for all a ∈A.

Where αn≠ 0 and α1, α2,…,αn the integer of the rational tangle
we denote to the continued fraction of a rational tangle by C (α1,
α2,…,αn) [13-14, 17].

Definition 1.7 [16]
A subset A ⊂X is deformations retract of X if there is a retraction
r∶ X ⟶A such that i o r homotopic to the identity map. That is,
there exists a continuous function f∶ X ×[0,1] ⟶X such that for x
∈X ,f (x,0)=x and f (x,1)=r(x) and for all a ∈A and all t ∈[0,1],
f (a,t)=a.
Remark 1.1 In the article we will draw the tangle without cube
for easy.

Theorem 1.1 (Conway’s theorem )
The two rational tangle T1 and T2 are ambient isotopic if and
only if their associated continued fractions evaluate to the same
rational number.

Definition 1.8 [17]
The exceptional tangles are the simple tangles which show in
the Fig. 3

II. The Main Results
To obtain the main results ,we will introduce the following
definitions.
Definition 2.1 A (n,n)-singular tangle is a (n,n) –tangle which has
some intersections points in its strings.
Definition 2.2 A numerator topological folding denoted by Nf is a
topological folding which folds a point a1 onto a2, and b1 onto b2,
a denominator topological folding denoted by Df is a topological
folding which folds a1 onto b1 and a2 onto b2 fig. 5.

Fig. 3:
Definition 1.9 [13]
Suppose f is a homeomorphism that maps the cube D to itself
and maps the set {a1, a2, b1, b2} (the ends point of a tangle) to
itself ,but necessarily as the identity (i.e., f need not map a1 to a1,
et cetera).Then a rational tangle that is the image of the ∞-type
tangle under the homeomorphism.
Definition 1.10 [17]
The direct sum, product, + twist, - twist and integral tangle show
in fig. 4.

Fig. 5:
Theorem 2.1 Every crossing topological folding from a tangle T
into itself gives a singular tangle.
Proof: Let T be a tangle and f be a crossing folding from T into
itself ,then f (T) has at least one point intersection of two arcs
.i.e., f (T) is a singular tangle.
Corollary 2.1 Every crossing folding from a pure tangle T into
itself gives a pure singular tangle.

Fig. 6:

Fig. 4:
Every rational tangle associated with continued fraction on the
form
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Note that the tangle in fig. 7 is a rational tangle its continued
fraction is C(-4,-1).
In our paper we define the continued fraction associated with
singular rational tangle by C (α1, α2,…,αi+mδ,...,αn, 0 ≤ i ≤ n) sign δ
dependent on sign of αi, if αi = 0 then sign of δ take the + and -.
In Fig. 6 the continued fraction singular rational tangle is C(-4,
δ).
Corollary 2.2 Every crossing topological folding from a rational
tangle T into itself gives a singular rational tangle.
Theorem 2.2 Let T be a (n , n)- tangle, then there is n! topological
foldings from T into it self ,such that every topological folding
gives a link(a knot in particular case).
Proof: Let a1,a2,…,an be n points on the top face of the unit cube
D and b1, b2,…,bn be n points on the bottom face, then we can
define a topological folding f from T into it self by f(a1) = b1,
w w w. i j e a r. o r g
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f(a2)=b2,…,f(an )=bn, also we can define another by permutes to
the bi , by this way the set of topological foldings is the set of all
permutations on n numbers 1,2,3,…..,n ,hence there is n! distinct
topological folding. Alexander's theorem states that any knot can
be obtained by closing a braid ,in more general by closing any
(n ,n)- tangle we can construct a link or a knot in particular with
non-crossing or with crossing.
Note that the set of topological foldings with the composition
of map forms a group this group isomorphic to the permutations
group (Sn, o).
The following corollary is the special case from theorem 3.2.
Corollary 2.3 Every numerator topological folding Nf and
denominator topological folding Df from a rational tangle T into
itself gives a link, (a knot in particular case).
Proof: Let T be a rational tangle and Nf be a numerator topological
folding or denominator
Topological folding Df from T into itself ,then Nf or Df makes
T a one simple closed curve or more which means T becomes a
link or a knot in particular case.
Example 2.1 The Fig. 7 bellow shows the effect of Df on T1,T2
and T1 + T2.
Fig. 8:
Corollary 2.5 Every denominator topological folding Df from a
braid β into itself gives a link, (a knot in particular case).
			

T1

			

T2

Example 2.2 Let β = σ13 be a 3-braid then ( )3
Df(σ13) is a trefoil knot see fig. 9.

Fig. 9:

			
Fig. 7:

T1 + T2

Corollary 2.4 Every topological folding f from a 2-braid β into
itself such that f (a1) = b2, f (a2) = b1 and makes n-cross get a
different links, (knots in particular cases) as shown in fig. 8(a) , also
every topological folding f from a 2-braid β into itself such that
f (a1) = a2, f (b1) = b2, and makes n-cross get a different links,
(knots in particular cases) as shown in fig. 8(b) bellow.

Note that the numerator topological folding Nf vanish relative
to the n-braid ,where n>2.
Remark 2.1 Let T1, T2 be two rational tangles, if Nf (T1) and Nf
(T2) are both nontrivial knots ,then not necessary Nf (T1+T2) is a
non-trivial knot. By example we show that.
Let T1, T2 be a two rational tangle fig. 10 a, their direct sum in
Fig. 10(b), Nf (T1) Fig. 10(c), which is a non trivial knot, Nf (T2)
Fig. 10(d), also nontrivial knot, but Nf (T1+ T2) in fig. 10(e), is
a trivial knot.

(a)

w w w. i j e a r. o r g
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(b)

(c)
Fig. 11:
Theorem 2.5 Any (n,n) –tangle can be deformed by a sequence
of topological folding by change torsion into a n-braid.
Proof: First we can easy change a (n,n)-tangle into a pure (n,n)tangle by topological folding by change torsion , hence , it suffices
to proof the theorem for the special case of pure (n,n)-tangle by
induction. The theorem holds if n=1, assume the theorem holds for
any pure (m,m)-tangle where 1 ≤m <n ,if we remove the last n-m
string the resultant (m,m)- tangle equivalent m-braid by adding
n-m straight string we get a n-braid.
Example 2.4: Let T be a (3,3) –tangle by sequence of topological
folding by change torsion we get a -braid see fig. 12.

(d)

(e)
Fig. 10:
Remark 2.2: Let T1, T2 be two rational tangles, if Df (T1) and
Df (T2) are both nontrivial knots, then not necessary Df (T1*T2)
is a non-trivial knot..
In the the example in Remark 2.1 by return T1 and T2 900(clockwise)
and take the product we obtain the result.
Theorem 2.3: Let T1, T2 be two singular rational tangles, then
Df (T1) and Df (T2) are both singular knots, also Df (T1 *T2) and
Df (T1+ T2) are singular knots.
Proof: The proof is clear.
The theorem 2.3 also true for Nf (T1 ), Nf (T2), Nf (T1 *T1) and
Nf (T1+ T2).
Theorem 2.4 Let T be a rational tangle, the limit topological
foldings by change torsion from T into it self is a exceptional
tangles of 0-type or ∞-type.
Proof: Let g be a homeomorphism that maps the cube D to itself
and maps the set {a1, a2, b1, b2} (the end points of a tangle T)
to itself, by definition 1.9 T is the image of the ∞-type tangle or
-type tangle under the homeomorphism g, by change the end
cross of T under effect a topological folding f1, the f1 (T) also
a rational tangle also is an image of the ∞-type tangle under the
homeomorphism g, by Continue we get f1: T⟶T, f2: f1 (T) ⟶
f1 (T), f3: f2 (f1 (T)⟶f2 (f1 (T),….,fn:fn-1 (…f1 (T)…)) and hence
limn⟶∞ fn=∞- type or 0 - type.
Example 2.3 Let T be a rational tangle and f be a topological
folding by change torsion, then the limit of topological folding
is a ∞-type see fig. 11.
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Fig. 12:
Corollary 2.5: Any rational tangle can be deformed by a sequence
of topological folding by change torsion into a 2- braid.
For this paper some application of topological folding of rational
tangles in molecular biology. The method of application using
tangles has been pioneered by DeWitt Sumners [18] and used in
the work of Cozzarelli and Spengler [19].
Recombination of DNA is the process of cutting two neighboring
strands with an enzyme and then reconnecting them in a different
way.
The idea of applying topological folding of tangle is to use the
addition of tangles to write the topological transformation for
possible recombination of DNA molecules. one can be using the
topological information to obtain limitations on the possibilities
for the products of the recombination.
Recombination occurs in successive rounds for which the
nature of the products can be known through a combination of
electrophoresis and electron microscopy. In particular, electron
microscopy provides the biologist with an enhanced image of the
DNA molecule from which it is possible to see direct evidence
of knotting and super coiling. In the case of TN3 resolvase, a
species of closed circular DNA is seen to produce very specific
knots and links in successive rounds of recombination[17]. By
knowing these actual products of the rounds of recombination it
is possible to use topological folding to deduce the mechanism
for the recombination.
w w w. i j e a r. o r g

ISSN: 2348-0033 (Online) ISSN : 2249-4944 (Print)

References
[1] M. El-Ghoul, A.I.Elrokh & M. M .Al-Shamiri, Folding
of trefoil knot and its graph,Journal of Mathematics and
Statistics, Vol. 2, No. 2, 2006, pp. 368-372.
[2] M. El-Ghoul, &M. M .Al-Shamiri: Some types of dynamical
3- dimensional braid, international journal of geometric
methods in modern physics a Vol. 5, No. 5, 2008, pp. 755764.
[3] M. El-Ghoul, &M. M .Al-Shamiri ( Mohammed M. Ali
Radman Al-Shamiri): Retraction of braid and braid group,
Asian Journal of algebra, Vol. 3, No. 1, 2010, pp. 8-16.
[4] Mohammed M. Ali Radman Al-Shamiri,"Graph Folding of
Link graph and knot graph, Al-Nasser University Journal,
Vol. 1 issue 1, Jan - Jun, 2013, pp. 339- 351.
[5] S.A.Robertson, Isometric folding of Riemannian manifold,
ProcRoy Soc. Edinburgh, Vol. 77, 1977, pp. 275-284.
[6] El-Kholy E.Isometric and Topological folding of manifolds.
Ph.D Thises, University of Souththampton, UK, 1977.
[7] M. El-Ghoul, The deformation retraction and topological
folding of manifold, Comm..Fac.Sic. Univ. Ankara series A
, Vol. 37, pp. 1-7, 1998.
[8] M .El-Ghoul,"The deformation retract of complex projective
and its topological folding, Journal of material science (30),
England,1995, pp. 4145-4148.
[9] M. El-Ghoul, Folding of manifolds, Ph.D. Thesis Univ. Tanta.
Egypt ,(1985).
[10] M. El-Ghoul & H..I. Attiya, The Dynamical Fuzzy topological
space and its folding the Journal of Fuzzy mathematics Vol.
12, No. 3, 2004.
[11] M. El-Ghoul, Fractionl folding of manifold. Chaos, Soliton
Fract., England, Vol. 12, pp. 1019 -1023, 2002.
[12] Gemein. B, Representations of the singular braid monoid
and group invariants of singular knots, Topology and its
applications, Vol. 114, 2001, pp. 117-140.
[13] J.R. Munkers, Topology,A First Course, Prentice –Hall Inc.,
Englewood Cliffs, New Jersey, U.S.A,1975.
[14] K.Murasugi ,Knot Theory and its Applications, Birkhaser,
Boston, MA, 1996.
[15] Kunio Murasugi and Bohdan I.Kurpita, A Study of Braids,
Kluwer Academic pub. London ,1999.
[16] W.S. Massay, Algebraic Topology. An Introduction, Harcout,
Brace and World, New York, 1967.
[17] J.R. Goldman, L.H. Kauffman, Rational tangles, Adv. in
Appl. Math. Vol.18, 1997, pp. 300 –332.
[18] D. W. Sumners, Untangling DNA, Math.Intelligencer Vol.
12, No. 3 ,1990, pp. 71-80.
[19] N. R. Cozzarelli, S. J. Spengler, A. Stasiak,"The stereo
structure of knots and catenanes produced by phase l
integrative recombination: Implications for mechanism and
DNA structure, Cell 42 ,1985, pp. 325-334.

w w w. i j e a r. o r g

IJEAR Vol. 5, Issue 2, July - Dec 2015

Mohammed M.AliAl-Shamiri received
his B.S. degree in Mathematics from
College of Science Taiz, Yemen, in
1996, the M.S. degree in Topological
algebra from Mustansiria University ,
Mustansiria Iraq, in 2002, and the Ph.D.
degree in Algebra and geometrical
topology from Miunfia University,
Miunfia , Egypt, in 2008. He was a
demonstrator in 2006,2009, lecturer
in 2003,2004 assistant professor 2008,
7 / 2015. Now associate professor in Department of Mathematics
and computer in Ibb University, Ibb, Yemen .,He was head of unit
of academic accreditation and quality assurance in 2010-2012.He
was pioneer of youths in Faculty of Science in 2009-2011. He was
vice dean of Faculty of Science in 2011 until now.
His research interests include Topological spaces, Topological
geometry, Fuzzy topology ,Graph and knot and fuzzy graph and
fuzzy knot ,Geometrical transformations (folding, retraction,
deformation retract).Fuzzy group, fuzzy ring, fuzzy module and
fuzzy field.
M. A. Nasser Al-Wisabi, received his
B.S. degree in Math from College of
Education, Sana’a University, Yemen,
in 1990, the M.S. degree in Topology
from Al-Mustansiria Univ., Baghdad,
Iraq, in 2000, and the Ph.D. degree
in algebraic topology from Baghdad
University ,Baghdad, Iraq, in 2003.
He was a demonstrator and lecturer in
1994 1998, assistant professor 20032008, and associate professor 2008
until now in Dept. of Math in Sana’a University, Sana’a, Yemen.
He was head of Dept. of Math in 2010-2011, and he was:
- Member of Committee of Programs Dev. for Faculties of
Educations at Yemeni Univ., (2004).
- Member of Committee of Evaluation and Development
of Sana’a Univ. Curriculum (2005), and Evaluation and
Development for Ministry of Education & Learning Curriculum
and Programming.
- Member of most activities adopted by University Development
Center, from 2004.
- Participate in most activities adopted by British Council, from
2005.
- Participate in most activities adopted by the Project Mastery,
from 2005.
His research interests include Topological spaces, Algebraic
topology, Differential topology, Fractal, and Geometrical
transformations (folding, retraction, deformation retract…etc.).

International Journal of Education and applied research

13

