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Abstract
This paper addresses modelling and control issues related to 
practical high-frequency digital PWM control of constant-
frequency boost converter. Discrete-time model, including the 
effects of A/D sampling and delays in the digital control loop, 
are derived for two cases:output voltage A/D sampling during 
transistor off time in combination with trailing-edge (TE) DPWM, 
and A/D sampling during transistor on time in combination with 
leading-edge (LE) DPWM. We show that off-time sampling with 
TE-DPWM, which is a common approach in digital controller 
realizations, can result in desirable minimum-phase responses. 
In this paper SISO Design Tool is implemented which allows 
rapid iterations on digital analysis design which is used to test 
the boost converter under source disturbance and load disturbance 
variations. Dc-Dc boost converter stability is also performed using 
Lyapunov’s stability and contraction theory.
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I. Introduction
In this paper, we consider modeling and control issues [1-2] 
related to practical high-frequency digital control of constant-
frequency boost convertersshown in fig. 1. Based on averaged-
switch or state-space averaging models [3], this method is 
sometimes tedious, especially when the converter circuit contains 
a large number of elements. Furthermore, the linearized models 
do not predict large-signal stability information, and are only 
sufficient to predict small-signal stability. Large-signal models 
are proposed, but these models do not provide a generalized 
model, which can predict the complete behaviour of the circuit. 
To overcome some of the problems described, a Signal Flow 
Graph (SFG) non-linear modelling method was developed for 
PWM converters. Our present work deals with analysis of DC-
DC boost converter with state-space as well as SFG [5]. The 
signal flow graph approach provides a means to directly translate 
the switching converter [4] in to its graphic model, from which 
steady state and dynamic behaviour of the converter can easily be 
studied.  A signal-flow graph has a one-to-one relationship with a 
system of linear equations. Models obtained with this method are 
verified with state-space averaging technique.It is well known that 
a constant-frequency trailing-edge (TE) pulse-width modulated 
(PWM) boost converter exhibits a right-half-plane (RHP) zero in 
the control-to-output frequency response. The leading edge (LE) 
pulse-width modulation can lead to minimum-phase responses of 
boost converters with analog voltage-mode control. The objective 
of this paper is to show how sampling and modulation in a standard 
constant-frequency voltage-mode digital PWM controller can be 
arranged to achieve desirable minimum-phase responses leading 
to improved closed-loop performance of digitally controlled boost 
voltage regulators.
Section II summarizes a small-signal discrete-time modeling 
approach that takes into account A/D sampling, modulator 
sampling, and delays in the digital control loop [6]. Discrete-
time models are derived for two cases: (a) A/D sampling during 
transistor off time in combination with trailing-edge PWM, and 

(b) A/D sampling during transistor on time in combination with 
leading-edge PWM. Corresponding control to output frequency 
responses are found in Section III control-to- output responseby 
designing of digital controller by using SISO Tool in MATLAB/
SIMULINK® and stability of Boost converter by Lyapunov 
and using contraction theory. Section IV presents experimental 
results that illustrate validity of the modeling results for a digitally 
controlled boost converter prototype.

Fig. 1: Representation of Boost Converter

II. Discrete-Time Modeling of Digitally Controlled Dc-Dc 
Converters
This section summarizes small-signal discrete-time models for 
constant-frequency digitally controlled PWM converters operating 
in continuous conduction mode where A/D sampling of the output 
voltage occurs once per switching period [6]. The models in [6] 
take into account A/D sampling, modulator sampling and a delay 
td in the digital control loop, which is an extension of discrete-time 
modeling described in [13] and elsewhere (e.g. [5]). It should be 
noted that the modeling approach, which makes use of the modified 
Z-transform, also correctly accounts for sampling instants and 
delays. The derivation, however, is straightforwardly applicable 
only to buck-type converters.
To examine the effects of A/D and modulation sampling instants in 
the responses of boost converter, we consider two cases: (a) A/D 
sampling of the output voltage during transistor off time (“off-
time sampling”) in combination with trailing-edge (TE) DPWM, 
and (b) A/D sampling of the output voltage during transistor on 
time (“ontime sampling”) in combination with leading-edge (LE) 
DPWM.

A. Discrete-Time Modeling for Trailing-Edge DPWM With 
A/D Sampling During Transistor Offtime
Consider a constant-frequency PWM switching converter operating 
in continuous conduction mode. The state-space equations for the 
switching converter in the switching position q are:

  (1)

Where q = 1 corresponds to transistor on time, q = 2 corresponds 
to transistor off time, and the states x include the capacitor voltage 
vc, and the inductor current iL. Fig. 2 shows a timing diagram of 
the saw-tooth ramp in a trailing-edge DPWM.The A/D converter 
of the digital controller samples the output voltage
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Fig. 2: Timing Diagram for a Digital Controller Having a Trailing-
Edge Digital Pulse-Width Modulator (TE-DPWM) and A/D 
Sampling of the Output Voltage During Transistor Off Time

at times ts = nTs, during transistor off time (position 2). In the 
small-signal limit,changes in the pulsating switch control signal 
g(t) in response to changes in the duty-cycle command d affect 
the converter waveforms as a stream of delta functions . This 
means that the PWM operates as a sampler with sampling instants 
that coincide with the modulated edge of g(t) [3, 13]. The total 
delay td in the digital control loop is the time between the A/D 
sampling and the modulated edge of the DPWM. It consists of 
a delay tdl (indicative of A/D conversion time and computation 
delays) between the sampling point nTs, and the start point of the 
PWM saw-tooth ramp signal, and the modulator delay DTs. The 
total delay td = tdl + DTs is less than the switching period TS.
Perturbations in a state variable propagate over a switching period. 
The resulting small-signal discrete-time model is [6]:

  (2)

[ ]   (3)

=
Where:

 (4)

   (5)

 (6)
and Xp is the vector of steady-state state variables at the end of 
transistor on time. It is important to note how the delay td affects 
the model parameters in (2), (4) and (5), and how (3) takes into 
account A/D sampling of the output voltage during transistor off 
time (position 2).

B. Discrete-Time Model for Leading-Edge DPWM With 
A/D Sampling During Transistor on Time
Fig. 3 shows a timing diagram of the saw-tooth ramp in a leading-
edge DPWM. The A/D converter of the digital controller samples 
the output voltage at times ts = nTs, during transistor on time 
(position 1). The resulting small-signal discrete-time model is 
[5]:

  (7)

[ ] =     (8)

 (9)

   (10)
and α can be again found from (6) where Xp is the vector of 
steady-state state variables at the end of transistor off time.

Fig. 3: Timing Diagram for a Digital Controller Having a Leading-
Edge Digital Pulse-Width Modulator (LE-DPWM) and A/D 
Sampling of the Output Voltage During Transistor on Time

It is of interest to compare the small-signal model for off-time 
sampling with TE-DPWM (2)-(5) to the model for on-time 
sampling with LE-DPWM (7)-(10). The key differences are in 
how the duty-cycle perturbations affect the state perturbations (Eq. 
(5) versus Eq. (10)) and when the output samples approximately 
equal to capacitor voltage samplesonly. Finally, we again note 
that the models (2)-(5) and (7)-(10) include the effects of A/D 
and modulator sampling instants, as well as the delay td in the 
digital control loop. These effects, which are not taken into 
account in standard averaged converter models, are important for 
understanding control-to-output responses of digitally controlled 
boost converter even at relatively low frequencies.

III. Control-to-Output Responses
In this section, control-to-output frequency responses based on 
discrete-time models described in Section II are evaluated and 
compared to frequency responses obtained from the converter 
standard continuous-time averaged small-signal model.

A. Boost Converter
A small-signal averaged model for the boost converter of Fig. 
1, including the effects of inductor series resistance RL and the 
capacitor equivalent series resistance Resr. The averaged model 
predicts a second-order control-to-output transfer function GVd(s) 

=  having a RHP zero. From (2)-(3), the discrete-time 

control- to-output transfer function for off-time sampling with 
TE-DPWM can be found as:

   (11)
Similarly, from (7)-(8), the discrete-time control-to-output transfer 
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function for on-time sampling with LE-DPWM is given by

                 (12)
As an example, let us consider a boost converter with the following 
parameters: f, = 1/T,=100kHz, L=40µH, C=240µF, Resr=50mΩ, 
RL= 10 m Ω, Vg= 10V, Rload = 10 Ω, D= D’= 0.5, and td1 = 0. 
Since D = D’= 0.5, the total delay in both considered cases is the 
same, td = tdl+0.5Ts= 0.5Ts.
Fig. 4 compares numerically computed magnitude and phase 
responses of: (1) GVd(s), (2) GVd_a(Z), and (3) Gvd_b(Z). In the 
response (1) from the averaged model, the contributions of the 
RHP zero and the ESR zero nearly cancel out in the phase response. 
Interestingly, however, the response of GVd_a for off-time sampling 
with TE-DPWM in the digitally controlled boost converter shows 
even less phase lag than the response obtained from the averaged 
model, even though the discrete-time model includes effects of 
the delay td in the digital control loop. On the other hand, the 
phase lag in the response of GVd_b for on-time sampling with LE-
DPWM is significantly worse. To explain the magnitude and phase 
plots observed in Fig. 4, and to examine conditions for minimum-
phase responses, we apply the linear-ripple approximation ( eAt= 
I +At ) to the matrix exponentials in (4)-(5) and (9)-(10), and 
further simplify the results assuming RL<< Rload, and Resr << 
Rload. The poles of the control-to-output transfer functions are 
the sameinallcasesinside the unitcircle
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Fig. 4: Magnitude and Phase Responses Ofthe Control-to-Output 
Transfer Functions: (1) GVd(s) from the averaged model in fig. 5, 
(2) GVd_a(z) from the discrete-time model for off-time sampling 
with TEDPWM, and (3) Gvd_b(Z) from the discrete-time model 
for on-time sampling with LE-DPWM

B. Siso Tool Design
It is well known that switching DC–DC converters are highly 
nonlinear systems with uncertain circuit parameters and variable 
input and output operating conditions. Consequently, the 
regulation of the converters can be a difficult task, especially 
when the operating range is large. Because of the non-linear nature 
of the converter there is a necessity of controller for DC-DC 
converter system. The SISO Design Toolis used for this analysis 
and the tool was a graphical user interface (GUI) in MATLAB 
that facilitates the design of compensators for single-input, single-
output feedback loops [15]. The SISO Design Tool allows iterating 
rapidly on digital analysis designs. SISO Design Tool facilitates 
the fine Adjustment of phase and gain margins. By adding pole 
zero pairs by trail we obtained a G.M of 6.95 dB and P.M of67.60 
against the desired values of > 6db and 300-750.

C. Stability 
The stability of the non-linear system is analysed by Liapunov’s 
asymptotic Stability Criterion and Contraction theory. Traditionally, 
many techniques have been proposed to check this important 
property. Among them, Lyapunov function based approach has 
been widely used for stability analysis. Later on, incremental 
stability based approaches for stability analysis were proposed 
by using contraction theory. Lyapunov based techniques analyze 
the behaviour of system trajectories with respect to origin or some 
given nominal motion. Stability in contraction analysis is generally 
viewed relative to some nominal motion or equilibrium point of 
parameters considered for analysis and does not require to know 
what the nominal motion is, i.e. a system is stable in some region, 
if the final behaviour of the system is independent of the initial 
conditions. All trajectories then converge to the nominal motion. 
In turn, this shows that stability can be analysed differentially 
[17].

IV. Experimental Results
An experimental digitally controlled boost converter is shown in 
fig. 5. The converter parameters are the same as in
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Fig. 5: Experimental Digitally Controlled Boost Converter

the example discussed in Section IIIB. Digital controller is 
compensator.The arrangement of pole zero pair position is shown 
in fig. 6(a).The corresponding Bode plot is shown in fig. 6(b).

          (a)    (b)
Fig. 7(a): Arrangement of Pole Zero Pair Positions (b) 
Corresponding Bode Plot
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The obtained transfer function in compensator editor is

  (13)
The output voltage step response wave forms in MATLAB/
SIMULINK is as shown in below figures

Fig. 8: (a) Output Waveform of Dc-Dc Boost Converter without 
any Perturbations

Fig. 8: (b). Output Waveform of DC-DC Boost Converter with 
Source Perturbations

Fig. 8: (c). Output Waveform of DC-DC Boost Converter with 
Load Perturbations

Fig. 8(b) is the output wave form of dc-dc boost converter when 
step disturbance is applied at the source side and fig. 8(c) is 
the output wave formof DC-DC boost converter when the step 
disturbance is applied at the load side

A. Asymptotic Stability in Sense of Lyapunov of DC-DC 
Boost Converter
By considering the parameters in example the MATLAB program 
is developed the variation of inductor current and capacitor voltage 
of the boost converter for an applied input voltage of 10V and is 
shown in fig. 7.
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Fig. 7: Inductor Current and Capacitor Voltage Variation with 
Time

The trajectory of capacitor voltage and inductor current with 
respect to time is shown in fig. 8.

-3 -2 -1 0 1 2 3
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

inductor current

ca
pa

cit
or

 vo
lta

ge

Il  and Vc trajectory

Fig. 8: Trajectory of Inductor Current and Capacitor Voltage

B. Stability by Contraction Theory
Now, by considering the parameters from example the MATLAB 
program was developed for dc-dc boost converter and results are 
shown
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Fig. 10: Trajectory of Capacitor Voltage and Inductor Current for 
Time Span 0.1 Sec

Fig. 11: Trajectory of Capacitor Voltage and Inductor Current for 
Time Span T-1sec

V. Conclusion
In this work an exact small-signal discrete-time model for digitally 
controlled DC–DC Boost converter is presented.Complete models 
are derived  that can be used for any leading or trailing edge PWM 
converter operating in continuous conduction mode and with a 
single A/D sampling instant per switching period.The frequency 
response of DC-DC converter is obtained using the trailing edge 
and leading edge transfer functions. A controller transfer function 
was derived using MATLAB SISO tool based on the discrete-
time Transfer function obtained from Leading Edge Digital PWM 
technique. Asymptotic Stability of the autonomous DC-DC Boost 
converter system is tested using   Lyapunov method by observing 
the response due to initial conditions and a phase plane plot. 
Incremental stability based approaches for stability analysis was 
performed using Contraction theory. For the autonomous DC-DC 
Boost converter the contraction behavior is shown in inductor 
current and capacitor voltage plane.
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