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Abstract
Two-stage iterative method, which is also called inner/outer 
iteration scheme, was first introduced by Nichols and studied in 
depth by many authors. But, in the past, attention has been directed 
almost exclusively to Hermitian systems or M-matrices. So, in 
this paper, we have discussed Iterative Techniques for Hermitian 
Evils.
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I. Introduction
In the past, attention has been directed almost exclusively to 
Hermitian systems or M-matrices [3]. Hermitian matrices are 
named after Charles Hermite (1822-1901), who proved in 1855 
that the eigenvalues of these matrices are always real. Hermitian, 
or self-adjoint operators on a Hilbert space play a fundamental 
role in quantum theories as their eigenvalues are observable, or 
measurable; such Hermitian operators can be represented by 
Hermitian matrices. 

II. Hermitian System
A square matrix is called Hermitian if it is self-adjoint. Therefore, 
a Hermitian matrix A = (aij) is defined as one for which:
A=AH,
Where, AH denotes the conjugate transpose. This is equivalent 
to condition:
Aij = Āji,
As a result of this definition, the diagonal elements aii of a 
Hermitian matrix are real numbers (since aii = āii), while other 
elements may be complex [1].

A. Properties of Hermitian System
The eigenvalues of a Hermitian matrix are real.1. 
The diagonal elements of a Hermitian matrix are real.2. 
The complex conjugate of a Hermitian matrix is a Hermitian 3. 
matrix.
If A is a Hermitian matrix, and B is a complex matrix of same 4. 
order as A, then BAB* is a Hermitian matrix.
A matrix is symmetric if and only if it is real and 5. 
Hermitian.
Hermitian matrices are a vector subspace of the vector space 6. 
of complex matrices. The real symmetric matrices are a 
subspace of the Hermitian matrices [2].

If A is Hermitian, then vHAv is real for all complex vectors v.  In 
this example, A is the only Hermitian matrix found in Matrix 
Market as of April 2006, and b = Az with zi ∼ U (0, 1).
Numerically (in double precision), all αk = vk Avk turn out to have 
small imaginary parts in the first few iterations and snowball 
to have large imaginary parts in later iterations. This would 
result in a poor estimation of  Tk  F or  A  F, and unnecessary 
error in the Lanczos iteration. Thus we made sure to typecast 
αk = real (vkAvk) in MINRES-QLP and MINRES-SOL.  
The matrix is constructive definite but not diagonally guiding. 
Some elements have magnitude of order ε; the other nonzero are 
between 2.5 × 10−10 and 53.2.

There are further two types of “classes”: The first, allows the size 
of the search space to be a small multiple of nev, typically 2nev 
or 1.5nev. This class concedes the O(nev2) factor in the hope of 
much fewer iterations. The second class restricts the search space 
to a constant size (e.g., 20 vectors) and uses locking to obtain all 
nev eigenvectors. Although the number of iterations increases, 
orthogonalization and iteration costs decrease dramatically. This 
memory-based classification is slightly different from the one in 
[5] but it captures better the performance characteristics of solvers 
for large nev. The holy grail in this area has been to obtain nev 
eigenpairs in linear to nev scaling [5].

III. Iteration Method
The numerical solution of large, sparse, Hermitian or real symmetric 
eigenvalue problems is one of the most computationally intensive 
tasks in a variety of applications. The challenge is twofold; first, 
the matrix size, N, is routinely more than a million, while an 
order of a billion has also been tried. Second, many applications, 
including electronic structure calculations, require the computation 
of hundreds or even thousands of extreme eigen pairs. Often 
the number of required eigen pairs, nev, is described as a small 
percentage of the problem size. In such cases, orthogonalization 
of nev vectors, an O (nev2N) task, becomes O (N3), making the 
scaling to larger problem sizes practically infeasible. Iterative 
methods are the only means of addressing these large problems. Yet, 
iterative methods may converge slowly, especially as the problem 
size grows, and must store the iteration vectors for computing 
eigenvector approximations. Beyond challenges in execution time, 
the storage demands of these applications can be staggering. Over 
the last decade, iterative methods have been developed that can use 
effectively the large arsenal of preconditioners for linear systems 
and converge nearly optimally to an eigen pair under limited 
memory requirements [5].

A. LHSS Iteration Method
Assume that Q2 ∈ Cnxn is an Hermitian positive definite matrix, 
for initial vectors xo ∈ cm and y0 ∈ cn, the sequence {xk,yk} is 
defined for k=1,2,...by

B. MLHSS Iteration Method
Assume that Q1 ∈ Cmxm is an Hermitian positive semi-definite 
matrix Q2 ∈ Cnxn is an Hermitian positive definite matrix, for 
initial vectors xo ∈ cm and y0 ∈ cn, the sequence {xk,yk} is defined 
for k=1,2,...by

In fact, the LHSS method is the special case of the MLHSS 
method, and the above two methods are special cases of the inexact 
Uzawa method when A is Hermitian positive definite matrix. The 
generalized inexact Uzawa method is proposed in when A is the 
Hermitian positive definite matrix, which is the generalization of 
the inexact Uzawa method [4].
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IV. State-of-the-Art Eigen Methods for Many Eigenva-
lues

Lanczos based methods1. 
Newton approaches2. 
The inexact Newton approach• 
The quasi-Newton approach• 
The GD+k and the JDQMR algorithms3. 

V. Some Theorems
Let A be a Hermitian positive definite matrix. Consider the splitting 
A - M - N and M = F - G. Suppose that the matrices M and F are 
Hermitian, N is positive semi definite, and G is positive definite. 
Let s1 and s2 be the positive integers. Consider further two-stage 
methods, differing only in the number of inner iteration at outer 
iteration, s1 in one case and s2 in the other. 
If s1>s2 then ƿ(Ts1 ) < ƿ (Ts2) < 1.
Let A be a Hermitian positive definite matrix. Consider the splitting 
A – M - N where M is Hermitian and N is positive semi definite. 
Let M = F – G be a P-regular splitting where F is Hermitian. Let 
s1 and s2 be the positive integers. Consider further two-stage 
methods, differing only in the number of inner iteration at the 
outer iteration, s1 in one case and s2 in the other [6]. 
If s1>s2 and s2 is even, then ƿ (Ts1 ) < ƿ (Ts2) < 1.

VI. Conclusion
Iterative methods are the only means of addressing the large 
problems having different types of methods such as LHSS and 
MHLSS iteration methods. State-of-the-art eigen methods are 
used for many eigenvalues which include Lanczos based methods, 
Newton approaches, The inexact Newton approach,The quasi-
Newton approach,The GD+k and the JDQMR algorithms.
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