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I. Introduction 
In recent years Dynamic Ordinary Least Squares (DOLS) 
estimator introduced by Stock and Waston has become a popular 
method for the estimation of equilibrium parameters in dynamic 
relationship between variables containing unit roots. The estimator 
has a number of features in common with an earlier estimator 
proposed by Bewley. Despite the fact that Bewley’s estimator 
(or the ‘Bewley transformation’ as it is popularly known) was 
introduced prior to the development of an extensive literature on 
the implications of unit roots in econometrics, we believe that it 
has a number of properties which make its performance superior 
to that of the DOLS estimator. As a result, we believe that this 
estimator has been unjustly neglected and that the comparison 
of its properties relative to that of the DOLS estimator presented 
in this paper are intended to demonstrate why it should be given 
more prominence in the applied econometrics literature.
We present Monte Carlo simulations which compare the empirical 
performance of the Bewley transformation and the DOLS estimator. 
The results indicate that the Bewley transformation produces a 
lower mean-square error as well as superior serial correlation 
properties even with lower truncation lags for the lagged variables 
included in the estimation equation. An application is then provided 
which examines the nature of the equilibrium relationship between 
aggregate US exports, world trade and the US real exchange rate. 
This confirms that estimation of the equilibrium parameters of 
this relationship by the Bewley transformation produces results 
which are superior to estimation by DOLS.

II. Consistency of the DOLS Estimator 
The Dynamic Ordinary Least Squares (DOLS) estimator has 
become a popular method for the estimation of the parameters 
of cointegrating relationships between integrated variables. This 
estimator has been popularised by Stock and Watson, building 
on earlier work by Saikkonen, and has since become established 
in the applied econometrics literature. Examples of its use can 
be found in Masih and Masih, Konno and Fukushige, Narayan 
and Narayan. 
The DOLs estimator takes the form :   
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where y and x are integrated series of the same order and u is a 
stationary random error. The parameter γ1 measure the equilibrium 
or long-run response of y to x and the ∆x terms capture the short-
run relationship between the variables. The truncation lag k is 
chosen so that the errors are white-noise. 
The nature of the DOLs estimator can be illustrated using the 
example of the finite distributed lag model (cf. Hendry) this takes 
the form :
yt = β1xt + β2xt-1 + ut    (2)
where x is a weakly exogenous random variable and u is a random 
error with the standard Gaussian properties. This can easily be 
reparameterised to the DOLS format of : 
yt = γ1xt + γ2∆xt + ut    (3)
where γ1 + β1+β2 is the long-run elasticity of y with respect to x.  
The DOLS estimator of γ1 can be derived as : 
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Now if x is an I (1) process, it follows that 2
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is just the OLS estimator for a simple regression of y on x. By 
standard results, the simple OLS estimator is super-consistent. 
Superconsistency means that the estimator converges on the true 
value at a faster rate than would be the case for stationary series 
because of the non-stationary nature of the data in the regression 
equation. More formally, we have )T(Oˆ 1
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a single unit root while )T(O
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the estimation error tends to zero at a rate given by 1/T for I(1) 
series but a rate T/1  for I(0) series. 
The  super-consistency property of the DOLS estimator arises 
because of the reparameterisation of the original regression 
equation which has the effect of writing the equation so that the 
y and x variables are of a higher order of integration than the 
other variables in the relationship.  However, this is also be true 
of the simple regression equation which excludes ∆xt from the 
right hand side. The DOLS formulation is only superior to simple 
OLS regression (or other similar estimators) if either (a) it has 
lower small sample bias or (b) the convergence to the long-run 
value is faster. These questions can be addressed theoretically as 
in the work of Stock and Watson but they can also be investigated 
empirically through the use of Monte Carlo simulations.
The standard DOLS estimator (1) includes lags of the ∆x process 
but not lags of ∆y. However, there are important cases in which 
lags of ∆y arise naturally. Unfortunately this creates econometric 
problems because ∆yt will be correlated with ut, meaning that a 
DOLS estimator which includes ∆yt will suffer from small-sample 
bias. More interesting however, is whether this bias disappears 
quickly as suggested by the super-consistency property. Consider 
the standard partial adjustment model given by equation (5) :
yt = β1xt + β2yt-1 + ut     (5)
This can also be reparameterised to yield :
yt = γ1xt + γ2∆yt + ut     (6)

where 
1

1
1 1 β−

β
=γ is the long-run elasticity of y with respect to x.

 
However, in this case cov (∆yt, ut) = 2

uσ  and therefore the OLS 
estimator of the parameters of (6) will be biased in small samples. 
In large samples however, the OLS estimator can again be shown 
to have the super-consistency property under the assumption that 
x is integrated of order 1. This follows because we can write the 
OLS estimator of the parameter of interest as :
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If x is I(1) it follows that tt
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and Σ(∆yt)2 are O (T) which means that
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as T → ∞. This is again, the simple OLS formula for a simple 
regression of y or x and, because simple OLS is super-consistent, 
it follows that this reparameterisation also yields super-consistent 
estimates. In this case however, finite sample estimates will be 
biased. 
The reparameterisation (6) is familiar in the applied econometrics 
literature. It was originally suggested by Bewley. However, 
Bewley was writing before the literature on cointegration became 
established and therefore before econometricians became aware 
of the super-consistency property. The emphasis in this paper is 
one the need to allow for the endogeneity of the right-hand side 
variable ∆yt which is introduced by the transformation. Bewley 
suggests the use of an instrumental variable estimator where ∆yt 
is instrumented by yt-1 and this can be shown to yield consistent 
estimates even in the case where x and y are I (0) variables. 
As with any instrumental variable estimator, there is a trade-off 
between bias and efficiency. In the case of integrated variables, 
where the bias disappears as the sample size gets larger, the use of 
an IV estimator may produce inferior results in terms of the mean 
square error. However, this is again an issue which can usefully 
be investigated using Monte Carlo methods. Our aim in this paper 
is to use such methods to compare the statistical performance of 
the DOLS estimator and the Bewley transformation. 
A final issue concerning the DOLS estimator is the role of ‘leads’ 
in the DOLS regression equation. Stock and Watson  argue that the 
leads of ∆x in equation (1) allow for feedback in cases where x is 
Granger caused by y. In a recent paper Hayakawa and Kurozumi 
investigate the use of leads in the DOLS model and conclude that 
its performance can be improved significantly when the leads at 
excluded, provided that it is first established that x is not Granger 
caused by. 

3. Simulation Results and Comparison with Alternative 
Estimators 
The data generation process (DGP) used for the simulations in this 
paper is the same as that used by Hayakawa and Kurozumi. This 
DGP is used partly because it forms a standard benchmark for 
the analysis of cointegrating relationships between variables and 
partly to facilitate comparisons with the Hayakawa and Kurozumi 
paper. It is specified as follows :

This DGP is simulated using the EViews seeded random number 
generator for the normal distribution with u10 = u20 = 0 and the 
first 100 observations are discarded to avoid the starting values 
contaminating the results. 10,000 replications are considered for 
each set of simulations. A non-zero value of a22 allows for Granger 
causality from y to x. 
The simulations reported in this study consider three possible 
strategies for the determination of the truncation lag. The first 
strategy involves choosing a value of k which ensures that there is 
no residual serial correlation in the estimated equation. We attempt 
to ensure this by beginning with k=0 and then progressively 
increasing its value if the Ljung-Box test statistica for serial 
correlation up to 10th order exceeds its critical value. In some cases 

this led to extremely long truncation lags and therefore a maximum 
value of k was fixed at 10. The two alternative criteria involve a 
choice of k which minimises either the Akaike Information Criterio 
(AIC) or the Schwartz Information Criterion (SIC). We allow for 
four different specifications of the estimated equation. The first 
two are variants of the standard DOLS model (1) in which we 
first estimate with lags only and then allow for the possibility 
of lead terms for ∆x. The next two specifications are variants of 
the Bewley transformation euqation (6). In the first, we estimate 
using OLS, implicitly relying on the super-consistency property to 
generate consistent estimates when cov (∆yt,ut) ≠ 0. In the second 
we estimate by instrumental variables to allow for the endogeneity 
of the ∆yt variable explicitly. Each simulation is run for a variety 
of different values of a22 = {0.0, 0.5, 0.5} to estimate the effects 
of Granger feedback from y to x. 
A considerable amount of applied work  has been done in applied 
mathematics using the distributed lag models. The present thesis 
deals with the evaluation of the theory underlying the specification 
and statistical inference of distributed lag models. In estimating 
the distributed lag models, the three basic difficulties faced are: 

the number of parameters to be estimated is very large;• 
the explanatory variables will normally be highly intercorrelated • 
leading  to large standard errors in the coefficient estimates; 
and 
the difficulty caused by the models containing autocorrelated • 
error terms.

To overcome these difficulties, different workers have put forward 
various assumptions regarding the nature of the coefficients. 
These assumptions which affect the specification aspects of the 
models are discussed in the first chapter of this thesis. Most of 
the estimation methods make the assumption that the successive 
coefficients of a distributed lag model follow the geometric 
progression beyond a certain time point. On such a premise such 
an assumption is explicit in the procedure followed by Koyck 
and others. In Section II, review of literature of different studies 
which directly or indirectly related with the estimation of the 
models was studied. Estimation methods developed are discussed 
in Section III.
In the next chapter, the 3 stage least squares method of estimation 
and Monte-Carlo experiments is taken up. Estimation methods 
which are employed in the context of assumptions such as 
Shirley’s, Jorgenson’s and Solow’s regarding the coefficients of 
a distributed lag model are studied in Section V. The problem 
of serial correlation which is commonly met with these models 
is dealt with in Section VI. Apart from including the theory of 
econometric methods as above, a few studies which highlight 
certain issues in the applications of distributed lag models are 
discussed in the second last chapter. These studies include both 
the agricultural and non-agricultural sectors.
Mostly in applications geometric progression assumption of Koyck 
and the distributed lag models with its coefficients assumed to 
be lying on a polynomial i.e., polynomial lag models assumption 
of Shirley are used. For fitting such models, Grilliches gives the 
following useful suggestions: 
First of all, if one is working with strongly trending data, he 
should investigate whether the independent variable x provides an 
adequate explanation for these trends if so should try to remove 
such a trend. In practice, if the estimate roots are close to unity, 
it is difficult to discover whether these high estimates are due 
to slowly growing component of the series or to long lags in 
adjustment. We should test for the possibility of mis-specification 
of the model by including additional lag terms of the independent 
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variables. If non-linear regression routines were available, they can 
be simultaneously used to test for the presence of serial correlation 
as well. 
D.W. statistic should be avoided for testing the presence of serial 
correlation in the context of the lagged models as it is seriously 
biased in such cases. The coefficients of a distributed lag model 
should be interpreted with great care, since the same reduced 
form can arise from very different structure. Moreover, different 
reduced forms may not differ much in the fit that they provide to 
the data, but have widely different implications as to the underlying 
structure that generated the data. Finally for better answers to 
the above questions, we also need better data and much larger 
samples. 
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