
IJEAR Vol. 2, IssuE 2, July - DEcEmbER 2012

w w w . i j e a r . o r g 44   InternatIonal Journal of educatIon and applIed research

ISSN: 2348-0033 (Online)     ISSN : 2249-4944 (Print)

Study of Methods of Estimation of Distributed Lag Models
1Arjinder Singh, 2Dr. Sandeep Kumar
1Singhania  University, Rajasthan, India

2Shree Atam Vallabh Jain College (IMTS), Ludhiana, Punjab, India

The problem of estimating the coefficients of a distributed lag 
model can be attacked in many ways.

One way is by making no assumption as to the form of 1. 
the distribution. This approach was taken by Alt [2] and 
Tinbergen.
Another approach is where we assume a general form for 2. 
the distribution of lag and estimate the parameters defining 
the exact distribution. This approach was taken by Fisher, 
Koyak Cagan [12] and Friedman and was suggested again 
by Alt [2].

These models can be directly used in the analysis designed to 
estimate the long run elasticity of demand or supply. Because 
of the finite strength of the degree of autocorrelation in most 
economic time series, the first approach where nothing is assured 
is not always feasible. 
On the other hand, the second approach must necessarily contain 
a somewhat arbitrary assumption concerning the form of the 
distribution of lag. Following the second approach, Koyck propsed 
assumptions about the coefficients of a distributed lag model. We 
shall discuss his method first alongwith the further assumptions 
required and take up other methods of estimation subsequently.
In general, a distributed lag model with discrete lags is given 
by: 
yt = α0 xt + α1 xt-1 + ....... + ut              (1)
According to Koyck’s assumptions about coefficients
α1 = α2 λ

i-2                (2)
where coefficients start decreasing from α2 onwards. If we assume 
that the coefficients start decreasing from the very start itself 
then
α1 = α λi   i =  0, 1, ..... 0 < λ < 1              (3)
Substituting this value of α1 in the above model, we get
yt = α xt + αλ xt-1 +αλ2 xt-2 + ....... + ut             (4)
or 
yt = α xt + λ (αxt-1 +αλ xt-2 + ....... + ut-1) (ut - λut-1 )  
which finally reduces to: 
yt = α xt + λyt-1 + wt,  wt = ut -  λ ut-1              (5)
Mostly, analysis of (5) is based on the following set of 
assumptions.

Assumption 1:
T real-valued time series observations are available on the 
dependent variable yt and the independent variable xt which are 
measured without error.

Assumption 2:
The variable xt is non-stochastic and fixed in repeated samples 
and hence it is statistically independent of the variable ut and in 
turn of the composite disturbance wt for all ‘t’.

Assumption 3:
The disturbance ut is an unobservable random variable such that 
E (ut) = 0, E (u2

t) = σ2
u (finite) and is distributed independently 

of both xt and t. (t = 1,2,…T)

Assumption 4:
‘ut’ follow a 1st order Markov scheme
ut  = ρut-1 +et (0 < | ρ | ρ<1)              (6)
with ρ as the parameter of auto regression and et a random variable 
such that E (et) = 0 and E (et et) = δtt’σ

2, the value of δtt' being unity, 
whenever t = t and zero otherwise. This implies that
ut = et + ρet-1 + ρ2et-2 + ....               (7)
as then for infinite series 
σu

2 = σ2 / (1-ρ2)                (8)
which is independent of ‘t’ as required by assumption 3. 
Furthermore, for the two different periods t and t’ (=1,2….T) E 
(ut ut) = E {(et + ρ et-1 + ρ2 et-2 + ...) (et + ρe't-1+...)}
  = ρ|t-t'| σu2              (9)

and in particular E(ut ut) = ρσu
2 = ρ  , for t = t - 1  

      (10)
  σu

2, for t = t. 
From (2.1.9) and (2.1.10), the 1st order autocorrelation coefficient 
between ut’s is given by

          (11)

Assumption 5:
The random variable ut is independently and identically distributed 
and follow a normal distribution with zero mean and constant 
variance σu

2.
After stating the model and the underlying assumptions we shall 
now deal with CLS ad Koyok’s method of estimation. 

II. Least Squares Method
The simplest of the methods of estimation of the lag model (5) 
is the method of ordinary least squares (OLS). According to this 
method the sum of squares of errors given by

2
twΣ   =  ∑(yt = αxt - λyt-1)

2            (12)
is minimized with respect to the parameters α and λ. Denoting the 
OLS estimators of α and λ by’a’ and ‘1’ respectively, the normal 
equations to be solved are given in the matrix form as

   (13)
On solving for ‘a’ and ‘1’ we get
a = 1/∆ (∑y2

t-1 ∑xtyt - ∑xtyt-1 ∑ytyt-1)           (14)
and 1 = 1/∆ (∑x2

t ∑ytyt-1 - ∑xtyt-1 ∑ytyt-1)          (15)
with  ∆ =  ∑x2

t ∑y2
t-1 - (∑xtyt-1)

2  assuming ∆ ≠ 0          (16)
In order to examine the properties of the OLS estimators ‘a’ and 
‘1’ we note that under assumption 1 through 4 and if both λ and 
ρ are not equal to zero
E (wtwt-1) = e (ut - λut-1) (ut-1 - λut-2)
       = σu

2 (ρ - λρ2 - λ + λ2ρ) ≠ 0           (17)
implying autocorrelation between composite disturbances {wt}.
Also,   E (wtyt-1) = E {(ut- λut-1) (αxt-1 + αλxt-2 + .... + ut-1)}
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 = E (ut - λut-1) ut-1  = (ρ - λ) σu
2 ≠ 0           (18)

Showing again correlation between explanatory variable yt-1 and 
the disturbance wt. Clearly ‘a’ and ‘1’ are biased. If we apply 
Slutsky’s theorem to the OLS vector of coefficients we get

     (19)

            (20)
is a (T-1) x 2 matrix of observations on explanatory variables.

        (21)
because of equation (18).

If 
∞→

=
T
p lim  (Z’Z/T)-1 exists and is finite, we conclude that

the OLS estimators ‘a’ and ‘1’ of α and λ given by (13) are ‘biased’ 
and ‘inconsistent. 
Thus the OLS estimates give consistent estimates if the errors are 
not autocoorealted. If the errors are autocorrelated OLS estimates 
of parameters are seriously biased for large samples. To remove 
the inconsistency in case of OLS method, Koyck put forward his 
estimation procedure.

III. Koyck’s Estimation Procedure
For estimating (5) Koyck has proposed the following two-step 
procedure. 

We know that  

∞→










T

a
p

1
lim  differs from    by an 

amount

           (22)
So the consistency of ‘a’ and ‘1’ can be recovered if we subtract 
a factor whose ‘plim’ is equal to the expression given in (2.3.1) 
from the vector of OLS estimators. Considering the OLS estimated 
errors we have
wt = yt - axt - lyt-1  =  wt - (a-α) xt - (1-λ) yt-1           (23)

and 
T
w

T
w tt

22 Σ
=

Σ
 - [(a-α) (1-λ)] 








Σ
Σ

− Twy
Twx

tt

tt

/
/

1
          (24)

          (25)
Here we have used the results E (wt

2) = (1  λ2 - 2 λ ρ)  for 
all t. Further, we see that

          (26)
Here we have used the result (25). We therefore, subtract 

            (27)
from the right hand vector in (13) and the consistent estimates 

of α and λ, respectively can be got by solving the 
equations. 

        (28)
where wt is as defined in (23)
From the first equation of (28) we get    in terms of     as 

          (29)
and if we substitute this value in the second equation of (28) the 
resulting quadratic equation in  will have two roots. Corresponding 
to each, we find the value of . Finally we choose that pair ( , ) 
which gives a smaller sum of squares of residuals in (26) and also 
satisfies 0 <λ<1. We can see that the solution of  got from the 
above quadratic equation shall be a function of ρ. AS ρ is usually 
unknown, Koyck suggested a scanning of the entire range of ρ. 
He considers both the probability of positively and negatively 
auto-correlated disturbances. We can solve the equation (28) for 
parametric estimates by employing an estimate of ρ.
To do so, we consider wt = ut - λut-1 and we see that under the 
assumptions already mentioned

          (30)
Equation (30) implies
λρ

2- = (1 + λ2 + 2 λρw) ρ + {λ + (1+ λ2) ρw}  = 0          (31)
so that, ρw is the first order autocorrelation between {wt}
By applying some suitable method of estimation, say Liviatan’s 
to equation (2.1.5) we get the residuals

            (32)

and then ρw =  
1

2
1

ˆ
ˆˆ
−

−

Σ
Σ

t

tt

w
ww

Using this estimate of ρw and the estimate   of λ the equation (31) 
gives two estimates of ρ. The value of ρ satisfying the condition 

 can now be used in deriving Koyck’s estimates as already 
suggested. Thus if we insert a consistent estimate of ρ then Koyck’s 
estimates will remain consistent.
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