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Abstract
A stabilized semi-implicit fractional step finite element method for 
solving coupled fluid-structure interaction problems involving free 
surface waves is presented. The stabilized governing equations for 
the viscous incompressible fluid and the free surface are derived 
at a differential level via a finite calculus procedure. A mesh 
updating technique based on solving a fictitious elastic problem 
on the moving mesh is described. Examples of the efficiency of 
the stabilized semi-implicit algorithm for the analysis of fluid-
structure interaction problems in totally or partially submerged 
bodies is presented.

Keywords
Fluid Dynamics, Finite Difference Method, Free Surface Wave

I. Introduction
Accurate prediction of the fluid-structure interaction effects for a 
totally or partially submerged body in a flowing liquid including 
a free surface is a problem of great relevance in civil and offshore 
engineering and naval architecture among many other fields. 
The difficulties in accurately solving the coupled fluid-structure 
interaction problem in this case are mainly due to the following 
reasons:

The difficulty of solving numerically the incompressible 1. 
fluid dynamic equations which typically include intrinsic 
nonlinearities except for the simplest and limited potential 
flow model.
The obstacles in solving the constraint equation stating that 2. 
the fluid particles remain on the free surface boundary which 
position is in turn unknown.
The difficulties in predicting the motion of the submerged 3. 
body due to the interaction forces while minimizing the 
distortion of the finite elements discretizing the fluid domain, 
thus reducing the need for remeshing.

A. Basic Concepts of the Finite Calculus (FIC) Method
Let us consider a sourceless transient problem over a one 
dimensional domain AB of length L (fig. 1). The balance of flux 
q over a domain of finite size belonging to L can be written as 

    (1)
where A and B are the end points of the finite size domain of 
length h. As usual Qa and qB represent the values of the flux q at 
points A and B, respectively.

Fig. 1. Equilibrium of Fluxes in a Finite Balance Domain

For instance, in an 1D advective-diffusive problem the flux 
 where  is the transported variable (i.e. the 

temperature in a thermal problem), u is the advective velocity 
and c and k are the advective and diffusive material parameters, 

respectively. The flux qA can be expressed in terms of the values 
at point B by the following Taylor series expansion 

             (2)
Substituting (2) into (1) gives after simplification and neglecting 
cubic terms in h

               (3)
where all terms are evaluated at the arbitrary point B. Eq. (3) is 
the finite form of the balance equation over the domain AB. The 
underlined term in eq.(3) introduces the necessary stabilization 
for the discrete solution of eq.(3) using any numerical technique. 
Distance h is the characteristic length of the discrete problem and 
its value depends on the parameters of the discretization method 
chosen (such as the grid size). Note that for h → 0 the standard 
infinitesimal form of the balance equation  is recovered. 
The above process can be extended to derive the stabilized balance 
differential equations for any problem in fluid or solid mechanics 
as

               (4)
where ri is the standard form of the ith differential equation for 
the infinitesimal problem, hj are the dimensions of the domain 
where balance of fluxes, forces, etc. is enforced, and j = 1, 2, 3 for 
3D problems. It is important to note that the numerical solution 
of eq.(4) (together with the appropriate stabilized boundary 
conditions) using Galerkin FE or central finite difference schemes 
leads to stable results. 
FIC formulation of viscous flow and free surface equations: We 
consider the motion around a body of a viscous incompressible 
fluid including a free surface. The stabilized FIC form of the 
governing differential equations for the three dimensional (3D) 
problem can be written in Arbitrary Lagrangian-Eulerian (ALE) 
form as [2-3,10]
Momentum

            (5)
Mass balance

             (6)
Free surface

                (7)
Where,

               (8)

             (9)

 (10)
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and

    (11)
Above, ui is the velocity along the ith global reference axis, 

 is the velocity of the mesh nodes and vi is the relative 
velocity between the moving mesh and the fluid point i, ρ is 
the (constant) density of the fluid, p is the dynamic pressure 
defined as  where pa is the absolute pressure and 
x3 is the vertical coordinate, β is the wave elevation (measured 
with respect to a reference flat surface) and τij are the viscous 
stresses related to the viscosity μ by the standard expression 

  (12)
where , is the Kronecker delta. The boundary conditions for 
the stabilized problem are written as

 (13)

   (14)
where nj are the components of the unit normal vector to the 
boundary and ti and  are prescribed tractions and displacements on 
the boundaries Γt and Γu, respectively. The underlined terms in eqs.
(5)–(7) introduce the necessary stabilization for the approximated 
numerical solution. The characteristic length distances hmj and 
hdj represent the dimensions of the finite domain where balance 
of momentum and mass is enforced. On the other hand, the 
characteristic distances  in eq.(7) represent the dimensions 
of a finite domain surrounding a point where the velocity is 
constrained to be tangent to the free surface. The signs before the 
stabilization terms in eqs.(5)–(7) and (13) ensure a positive value 
of the characteristic length distances. The parameters δ and γ in 
eqs.(5) and (7) have dimensions of time. Details of the derivation 
of eqs. (5)–(7) can be found in [2,6,10]. It can be shown that a 
number of standard stabilized finite element methods allowing 
equal order interpolations for the velocity and pressure fields can 
be recovered from the modified form of the momentum and mass 
balance equations given above.
Remark 1
In reference a modified version of the Dirichlet condition is used 
including an additional stabilization term. This term is not strictly 
necessary for the subsequent derivation and will be neglected 
here.
Alternative form of the mass balance equation: Taking the 
first derivative of eq.(12) gives (assuming the viscosity μ to be 
constant) 

   (15)
where , is the Laplacian operator. Substituting eq.(15) 
into (5) gives after algebraic rearrangement,

(16)
Where,

            (17)
and  is given by eq.(8). Inserting eq.(16) into eq.(6) gives

     (18)
With

          (19)
Extracting the pressure terms from the brackets in (18) gives

           (20)
With

   (21)
Where

Note that for  where h, is a typical grid dimension 
(i.e. the average element size), the value of gii is simply

The stabilization parameter gii has now the form traditionally 
used in the GLS formulation for the viscous (Stokes) limit (ui 
= 0) and the inviscid (Euler) limit (μ = 0) and deduced from ad-
hoc extensions of the 1D advective-diffusive problems. Note, 
however, that the general form of the stabilization parameter gij 
is deduced here from the general FIC formulation without further 
extrinsic assumptions. Indeed, the precise computation of the 
characteristic length values is crucial for the practical application 
of above stabilized expressions. This problem is dealt with in a 
later section.

II. Fractional Step Approach
The momentum equations (5) are first discretized in time using 
the following scheme 

 (23)
Eq.(23) is now split into the two following equations

  (24)

            (25)
Note that the sum of eqs.(24) and (25) gives the original form 
of eq.(23). Substituting eq.(25) into the stabilized mass balance 
equation (20) gives the standard Laplacian of pressure form 

  (26-a)
Where,
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     (26-b)
Standard fractional step procedures neglect the contribution from 
the terms involving gii in eq. (26a). These terms have an additional 
stabilization effect which improves the numerical solution when 
the values of Δt are small. Also the influence of the stabilization 
term gii has proven to be essential for obtaining a fully converged 
solution in steady state problems (see the square cavity example in 
a next section). Indeed accounting for this additional stabilization 
term has lead to improved numerical solutions in all problems 
solved. Similar conclusions have been reached in a recent work by 
Codina. Note that the cross-derivative terms  have been kept 
within the term rp in the r.h.s. of eq.(26a). The influence of these 
terms should be studied in more detail in the future. The stabilized 
free surface wave equation (7) is discretized in time to give

(27)
A typical solution in time includes the following steps.
Step 1. Solve explicitely for the so called fractional velocities 

 using eq. (24).
Step 2. Solve for the dynamic pressure field  solving the 
Laplacian equation (26a). The dynamic pressures at the free 
surface computed from step 6 below, in the previous time step, 
are used as boundary conditions for solution of eq.(26a). 
Step 3. Compute the velocity field  at the updated configuration 
for each mesh node using eq.(25).
Step 4. Compute the new position of the free surface elevation 

 in the fluid domain by using eq.(27).
Step 5. Compute the movement of the submerged body by solving 
the dynamic equations of motion in the body subjected to the 
pressure field  and the viscous stresses 
Step 6. Compute the new position of mesh nodes in the fluid 
domain at time n +1 by using the mesh update algorithm described 
in the next section. The updating process can also include the free 
surface nodes, although this is not strictly necessary. Assuming 
air is at rest, the absolute pressure at the free surface at time n 
+ 1 obtained from the stress equilibrium condition (neglecting 
surface tension effects) as

           (28-a)
The dynamic pressure at the free surface is computed by 

         (28-b)
where g is the gravity constant. As already mentioned, the effect 
of changes in the free surface elevation are introduced in step 2 
of the flow solution as a prescribed dynamic pressure acting on 
the free surface. Note that eq.(28b) allows to take into account 
the changes in the free surface without the need of updating the 
free surface nodes. A higher accuracy in the solution of the flow 
problem can however be obtained if the free surface nodes are 
updated after a number of time steps.

III. Finite Element Discretization
Spatial discretization is carried out using the finite element method 
[15]. The stabilized formulation described allows an equal order 
interpolation of velocities and pressure. A linear interpolation over 
four node tetrahedra for both ui and p is chosen in the examples 
shown in the paper. Similarly, linear triangles are chosen to 

interpolate β on the free surface mesh. The velocity and pressure 
fields are interpolated within each element in the standard finite 
element manner as 

    (29-a)

    (29-b)
where Nj are the linear shape functions interpolating the velocity 
and pressure fields, respectively, and  denote nodal values. 
Similarly the wave height is discretized as

     (30)
where , are linear shape functions defined over the three node 
triangles discretizing the free surface. The discretized integral form 
in space is obtained by applying the standard Galerkin procedure 
to eqs.(24),(25),(26a) and (27) and the boundary conditions (13). 
Solution of the discretized problem follows the pattern given 
below.
Step 1. Solve for the nodal fractional velocities

    (31)
With

   (32)

 (33)

 (34)
The solution of eq.(31) can be speeded up by diagonalizing 
matrix M. Alternatively a simple Jacobi iteration procedure can 
be used and this has proved to converge in very few iterations. 
No boundary condition is applied when solving for the fractional 
velocities  in eq.(31) as these velocities can be interpreted as a 
predicted value of the actual velocities. The kinematic boundary 
conditions (14) are applied in step 3 as shown below.
Step 2. Solve for the nodal pressures at time n 

     (35)

 (36)

         (37)
The last integral in eq.(37) can be neglected in solid walls and 
stationary free surfaces where the normal velocity is zero. Recall 
that the dynamic pressures computed from step 6 are used as a 
boundary condition for solution of eq.(35).
Step 3. Solve for the nodal velocities at time n+1
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             (38)
where M is given by eq.(35) and

          (39)
The kinematic boundary conditions on the nodal velocities (eq.
(14)) are imposed when solving eq.(38).
Step 4. Solve for the new free surface height at the time n+1
The new free surface elevation  in the fluid domain is 
computed as 

             (40)
With

             (41)

 (42)
In the derivation of eq.(42) the assumption that  at the 
boundary line of the free surface domain has been made. Steps 5 
and 6 follow the process described in the previous section.

IV. Conclusions
The finite calculus method makes it possible to derive stabilized 
forms of the governing differential equations for a viscous fluid 
with a free surface. Solution of the new stabilized equations written 
in ALE form with a semi-implicit fractional step finite element 
method provides a straight-forward and stable algorithm for fluid-
structure interaction analysis. The mesh-moving scheme presented 
ensures minimum mesh distortion for large mesh displacements. 
The stabilized finite element method developed is adequate for 
solving large scale fluid-structure interaction problems in naval 
architecture and offshore engineering.

References
[1] Brooks, T.J.R. Hughes,“Streamline upwind/Petrov-Galerkin 

formulation for convection dominated flows with particular 
emphasis on the incompressible Navier-Stokes equations”, 
Comput. Methods Appl. Mech. Engrg, 32, 199–259, 1982. 

[2] E. O˜nate, J. Garc´ıa,"A stabilized finite element method for 
analysis of fluid structure interaction problems involving 
surface waves", in Computational Methods for Fluid-
Structure Interaction, T. Kvamsdal et al., (Eds.), TAPIR 
Publishers, Norway, 1999.

[3] F. Brezzi, M.O. Bristeau, L.P. Franca, M. Mallet, G. Rog´e, 
“A relationship between stabilized finite element methods 
and the Galerkin method with bubble functions”, Comput. 
Methods Appl. Mech. Engrg., Vol. 96, pp. 117–129, 1992.

[4] G. Chiandusi, G. Bugeda, E. O˜nate,“A simple method for 
update of finite element meshes”, Commun, Numer. Meth. 
Engng., 16, 1–9, 2000.

[5] J. Garc´ıa,"A finite element method for analysis of naval 
structures (in Spanish)", Ph.D. Thesis, Univ. Polit`ecnica 
de Catalunya, Barcelona, Spain, December 1999.

[6] L.P. Franca, S.L. Frey,“Stabilized finite element methods: 
II. The incompressible Navier-Stokes equations”, Comput. 
Method Appl. Mech. Engrg., Vol. 99, pp. 209–233, 1992.

[7] M. Fortin, F. Thomasset,“Mixed finite element methods for 
incompressible flow problems”, J. Comput. Phys., 31, pp. 
113–145, 1979.

[8] N.A. Wall, M. Bischoff, E. Ramm,“Stabilization techniques 
for fluid and structural finite elements”, in Computational 
Mechanics. New Trends and Applications, S.R. Idelsohn, E. 
O˜nate and E.N. Dvorkin (Eds.), CIMNE/IACM, 1998.

[9] O.C. Zienkiewicz, R.C. Taylor,"The finite element method, 
5th Edition, Vol. 3, Butterworth–Heinemann, 2000.

[10] P. Hansbo, a. Szepessy,“A velocity-pressure streamline 
diffusion finite element method for the incompressible 
Navier-Stokes equations”, Comput. Methods Appl. Mech. 
Engrg., 84, pp. 175–192, 1990.

[11] R. Codina,"A finite element model for incompressible flow 
problems", Ph.D. Thesis, Univ. Polit´ecnica de Catalunya, 
Barcelona, Spain, June 1992.

[12] S. Mittal, T.E. Tezduyar,“Parallel finite element simulation 
of 3D incompressible flows - fluid structure interactions”, 
Int. J. Num. Meth. Fluids, 21, pp. 933–953, 1995.

[13] T.J.R. Hughes, M. Mallet,“A new finite element formulations 
for computational fluid dynamics: III. The generalized 
streamline operator for multidimensional advective-diffusive 
systems”, Comput Methods Appl. Mech. Engrg., 58, pp. 
305–328, 1986.

[14] V. Kalro, S. Aliabadi, W. Garrard, T. Tezduyar, S. Mittal, K. 
Stein,“Parallel finite element simulation of large Ram-air 
parachutes”, Int. J. Num. Meth. Fluids, 24, pp. 1353–1369, 
1997.


