
IJEAR Vol. 2, IssuE 1, JAn. - JunE 2012

w w w . i j e a r . o r g InternatIonal Journal of  educatIon and applIed research  93

ISSN: 2348 – 0033 (Online)      ISSN : 2249-4944 (Print)

I. Introduction
In this paper, the three stage least squares method of estimation and 
Monte-Carlo experiments is taken up. Estimation methods which 
are employed in the context of assumptions such as Shirley’s, 
Jorgenson’s and Solow’s regarding the coefficients of a distributed 
lag model are studied. The problem of serial correlation which 
is commonly met with these models is dealt with. Apart from 
including the theory of econometric methods as above, a few 
studies which highlight certain issues in the applications of 
distributed lag models are discussed in the second last chapter. 
These studies include both the agricultural and non-agricultural 
sectors.
We know that if the error term in the original distributed lag 
model is non-autocorrelated the error term will be autocorrelated 
in Koyck’s transformed model. Also it is well known that the OLS 
estimates of the coefficients of the lagged dependent variables 
will be inconsistent [20]. We have also derived an expression for 
the asymptotic bias of OLS estimates in models with a lagged 
dependant variables when the error term follows a simple markov 
process.
Now the real problem is either to eliminate the autocorrelation by a 
more adequate specification of the model or to device an estimation 
procedure which is effective in the presence of autocorrelation. 
It is seen that the first approach, namely the correct specification of 
the complete model is superior to the second approach. Although 
perfect specification is not possible, it is not clear whether 
autocorrelation will necessarily be absent from the errors of an 
approximately correctly specified model.
Taylor and Wilson, presented an estimation procedure known as 
3-pass least squares method which yields consistent estimates of 
the coefficients of the lagged dependent variables, even in the 
presence of autocorrelation. Let the model under consideration 
be 
yt = αxt + λyt-1 + ut    (1)
Where ut = ρut-1 + εt    (2)
For convenience we assume y and x to be measured from their 
respective means. Also we assure that εt is a real valued and 
independently distributed random variable with finite and constant 
variance for all t. Here it is assumed that x is a non stochastic 
variable. 
If we substitute for ut  in equation (1) we see that
yt = αxt + λyt-1 + ρ ut-1 + εt    (3)
Ideally we should estimate model (3). The 3-PLS method runs 
like this
First (1) is estimated by least squares ignoring the autocorrelated 
error term.
If xt is non-autocorrelated this gives a consistent estimate of α. 
The residuals from this equation are biased estimates of the true 
error term, ut, with the bias being asymptotically proportionate to 
yt-1. These residuals are lagged one period and substituted into (3) 
for u t-1 with compensation being made for the bias by introducing 
yt-2 into the equation as well.
In the second pass, (3) is estimated with yt – a1xt as the dependant 
variable, where a1, is a consistent estimate of α from the first pass. 
This gives a consistent estimate of λ and the earlier estimate of 
α from pass one are used in (1) to obtain a consistent estimate 

of ut. In the third pass these estimates are lagged one period and 
substituted for ut-1 in (3). Then (3) is estimated directly by least 
squares to obtain consistent estimates of all the coefficients. 
Let us consider the procedure in detail. Let the least square estimate 
of α and λ in (1) be a1 and 11 respectively.
yt = a1xt + l1yt-1 + rt    (4)
where rt is the calculated residual. From (1) it is seen that
ut = yt - αxt + l1λyt-1    (5)
So assuming that the probability limits exist we have
plim rt = ut + (α-plima1) xt + (λ-plim l1) yt-1 (6)
From Theil’s general expression for misspecification bias, we can 
get expressions for plim a1 and plim 11 as
plim a1 = α + ρδ
plim a1 = λ + ρξ
where δ, and ξ are the probability limits of the regression 
coefficients in the auxiliary regression of ut-1, the omitted variable 
on yt-1 and xt. If xt is non-autocorrelated, δ = 0, so that plim a1 = 
α Thus equation (6) reduces 
plim rt = ut - ρξ  yt-1
which means that rt is an asymptotically biased estimate of ut, with 
the bias being proportional to y t-1. It ρ and ξ were known, rt-1 + ρ 
ξyt-2 could be used as an estimate of ut-1 in fitting (3) directly by 
least squares. Since these coefficients are not known, we instead 
substitute rt-1 + ρξ  yt-2  for ut-1 in equation (3) to give yt = αxt + 
λyt-1 + ρrt-1 + ρ2ξ yt-2 + εt    (7)
At this stage either of the two methods can be used to obtain 
consistent estimate of λ.
Least squares may be applied to (7) directly.
The fact that a1 is a consistent estimate of α can be used and the 
least square method applied to 
yt - a1xt =  λyt-1 + ρrt-1 + ρ2ξ yt-2 + εt   (8)
We choose the second method. If a1 and a2 are estimates of α from 
first and second pass respectively for finite samples:
var (a1) < (var (a2)
because putting yt-2 and rt-1 in (8) necessitates dropping the first 
observation and estimating two new coefficients thereby reducing 
the number of degrees of freedom by three.
The estimate of α from first pass and the estimate of λ obtained 
from the second pass are now used in (5) to derive a consistent 
estimate of the error term ut namely in
û t = yt - l2 yt-1 - a1 xt    (9)
This estimate is lagged one period and substituted for ut-1 in the 
structural equation (3) giving 
yt  =  λyt-1 + αxt + ρ2 û t-1 + εt*    
(10)
Now (10) is estimated in the third pass by least squares. Since û t-1 
converges asymptotically to ut-1, εt* converges to εt. As a result, a3, 
13 and r3 are the consistent estimates of α, λ and ρ respectively. 
We have thus obtained two consistent estimates of each coefficient 
: a2 and a3 for α and 11 and 13 for λ from which we have to select 
one each one some basis. Although we cannot say much about 
the finite sampling properties of the estimators, we see that the 
estimates in (10) will be more efficient than the estimates from 
(8), because (10) is the true structural equation subject to the 
qualification that ut-1 is an estimate of û t-1. It converges to ut-1, 
so that asymptotically the assumption of the Markov Theorem on 
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least squares are met. Hence the third pass estimators approach, 
the minimum variance estimators as the sample size increases.

II. Monte Carlo Experiments
Monte Carlo experiments provide a kind of empirical evidence 
about the relative merits of different estimation methods when 
sample sizes are small.
A Monte Carlo experiment is an experimental method of learning 
about a probability distribution of a statistic. It consists in drawing a 
large number of samples from a population in question, computing 
the value of the required statistic for each sample and recording 
the empirical observed sampling distribution of that statistic. 
Sometimes when mathematical attacks do not succeed, this method 
is used. It is also used for comparing different estimation methods 
for structural parameters and works in the following way: 
First of all we set up an artificial structure consisting of a model 
such as  By’t + <z’t = u’t    (11)
with known parameters B and <, and with a known distribution 
function of the disturbance vector ut including its covariance 
matrix ∑ (and any other parameter it may have)
Second, a set of values of exogeneous variables for t = 1, 2, T 
is chosen together with a set of initial values of the y’s for t = 0, 
-1, -2, …
Then a large number of samples of ut of size T are selected and 
observed from the known distribution of ut. For each of these 
samples, the reduced from equations are used to generate a set of 
values of the jointly dependent variables yt and the predetermined 
variables for t = 1, 2, …T.  in terms of the known parameters B 
and <, the known exogeneous variable, the initial values of the 
predetermined variables and the observed values of the random 
disturbances ut. This yields a large number of artificial samples 
of data for yt and zt for t = 1, 2, …T. that have been generated by 
the artificial structure that was set up at the beginning. 
Now we pretend that the values of B, < and ∑ as well as the values 
of ut are unknown and use the artificial sample data for yt and zt 
to estimate the parameters B, < and ∑ by each method that is in 
question. This can be done using the correct model, i.e., using a 
priori restrictions that correctly describe the artificial structure that 
was used, or it can be done with an incorrect model.
An incorrect model is useful for studying the consequences of 
using a wrong model to estimate parameters we want. Most of 
the studies conducted so far have used correct models.
Now after computing the estimated values of parameters by each 
method for each sample we compare the sampling distributions of 
estimators of any parameter with the true value of that parameter 
using the known parametric values and arrive at some judgement 
as to which estimation method is preferable for that parameter for 
a given sample size T.
We see that Monte Carlo method does not give the true probability 
distribution of the estimators but rather an empirical estimate 
of that distribution. Monte Carlo method is subject to sampling 
error itself. But if the number of samples used is large, the error is 
likely to be small. Most of the Monte Carlo studies that have been 
done so far are confined to the estimation of structural parameters. 
If structural parameters are known exactly, then reduced form 
parameters can be computed exactly. If structural estimators are 
consistent, then reduced form estimators obtained by solving the 
estimated structure are also consistent.
We can compare any two methods of estimation by Monte Carlo 
experiments e.g., we can compare least squares and simultaneous 
equation methods of estimating structural parameters and use that 
method which yields better results at a lower cost.

Conclusions of Monte Carlo experiments when applied to 
distributed lag models with second order autoregressive disturbance 
seem to be that the asymptotic properties of the estimators are an 
excellent guide to the small sample properties, even for samples 
as small as 20.
In particular there seems to be very little gain in the efficiency in 
assuming an order of autocorrelation higher than the true order. 
On the other hand, assuming too low an order of autocorrelation 
leads to rather bad results.
Several Monte Carlo studies have been carried out in literature. 
Taylor and Wilson compared and OLS method and their 3PLS 
method of estimation for different types of models by Monte 
Carlo experiments.
They concluded from these experiments that a strong case exists 
for using 3PLS instead of OLS in estimating models with a lagged 
dependent variable. 
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