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I. Introduction
In real life, a cause often produces its effect only after a lapse of 
time, e.g., a fall in the price of wheat cannot affect what acreage, 
nor can it decrease wheat production until the following spring. 
The lapse of time between a cause and its effect is called a lag. 
The lag may be a specific time period, say three months or one 
year. Mostly, the effect of an economic cause is spread over 
several months or even over many years. In such cases we have 
a distributed lag.
Distributed lags arise in theory when any economic cause (e.g. 
a price change or an income change), produces its effect (e.g., 
on the quantity demanded) only after some lag in time so that 
this effect is not felt all at once at a single point of time, but is 
distributed over a period of time. Thus when we say that quantity of 
cigarettes demanded is a function of price of cigarettes taken with 
a distributed lag we mean essentially that the full effect of a change 
in the price of cigarettes is not felt immediately and that only after 
some passage of time does the quantity of cigarettes demanded 
show the full effect of the change in the price of cigarettes. 
If ‘y’ denotes the effect variable, ‘x’ the cause variable and ‘t’ the 
current time point, then a relation between yt and xt, xt-1, xt-2, … 
represents a distributed lag model.
A general distributed lag function is of the form: 
Yt=f (xt, xt-1, xt-2, ….)    (1)
Sometimes such a relationship is easy to deal with mathematically 
if number of lagged values of x involved is infinite, but in practice 
coefficients of distant values of x are negligible so this is not an 
important issue.
A linear form of the distributed lag function is easier to deal with 
and is often assumed to be: 
yt  = δ  + α0xt + α1xt-1 + α2xt-2 + .... = δ  +  

T

0i
Ó
=

 αixt-1 (2)
Where ‘T’, is generally a large number and may be chosen to be 
infinity. Equation (1.2) can also be written as

yt  = 
T

0i
Ó
=

 αixt-1 + δ +  ut     (3)

Where 
T

Di
Ó
=

 c1 = 1

For equation (1.2) to make sense
T

0i
Ó
=

αi should be finite. Distributed 
lags are useful whenever there is a process of gradual adjustment 
to change. [18]1*. Demand for durable goods is an example.
A new and superior type of durable good may not immediately 
replace the entire stock of durable goods of the older and inferior 
design, even if everyone knows about it, because those durable 
goods of earlier inferior design that are still relatively new and 
have a substantial remaining working life, may continue to be 
used for a while until they are more nearly worn out. Also the new 
design may require new operations to produce it, and time may 
be required to get them going at satisfactory cost levels.
In the case of consumption or investment function analysis one 
may relate the current year’s consumption or investment with 
incomes of the current and the preceding years. Suppose the 
equilibrium situation is disturbed due to a finite change in the 
price and that it persists indefinitely, then this results in a new 

equilibrium owing to a change in quantity demanded. This implies 

that the total reaction measured by 
∞

=0i
Ó αi must be finite. It leads 

to the following restriction on the elements of the sequence {αi}: 
0álim ii

=
∞→      (1.4)

From equation (1.2), the sequence α0, α1,…. of coefficients is 
bounded and describes the ‘form of the lag distribution’ or the 
‘time shape of the economic reaction’.
If equation (1.2) represents a consumption function such that yt 
is the aggregate consumption in period t and xt is the aggregate 
income in the same period, then α0 may be interpreted as ‘short 

run marginal propensity to consume’ and 
∞

=0i
Ó αi as the ‘long run 

marginal propensity to consume’.
Thus the effect of a sudden change in the value of x in the current 

period ‘t’ is measured through 
∞

=0i
Ó αi

Most dynamic theories of economics deal with variables which 
belong to different points of time, i.e., there is a time lag among 
some of the variables of such a system. Sometimes the length of 
the lag is known, but in most cases, it is usually unknown and has 
to be determined from observations, just as are the coefficients 
of the equation. So the determination of the length of lags is also 
an important problem of econometric analysis.
Several simple methods of determining the length of the lags 
are known. A frequently used method is to compare by multiple 
correlation, yearly values of the “lagging” series with the values 
of the “leading” series. This method was given by Tinbergen H.E. 
Jones gave a graphic method which consisted in plotting a scatter 
diagram of the lagging series against the leading series. A circular 
arrangement of the points of the scatter diagram indicated the 
existence of a lag and its length can be calculated from the shape of 
the diagram. Alt [2] and a few others who followed him proposed 
for determining the length of the lag. Much less successful work 
has been done with distributed lag equation of the type (1.2), that 
have a separate parameter for every different lag. Generally we 
have some idea about the coefficients α0, α1, α2, …
More precisely, the sequence α0, α1,…., may be increasing for the 
first few terms but would be continuously decreasing, once the 
maximum has been passed. In many cases, the coefficient α0 is 
the biggest of all as then it is valid to assume that αi < αi-1 ∀ i.
We can thus represent αi as a function of ‘1’ involving a smaller 
number of parameters. It is equivalent to assume that the sequence 
of α1 belongs to some particular family. Since the data do not 
generally allow very precise determination of the coefficients, the 
choice of assumption for αi is based on consideration of simplicity 
of their estimation and various assumptions: -
Fisher [30], proposed the assumption that from a certain point 
onwards, the αi’s decrease in arithmetic progression. E.g., α0, 
and α1 may have any values but succeeding coefficients obey 
the relation:

αi = α2  







−
−

−
1T
2i1  for 2 < i  < T.

Where ‘1’ can take the maximum value equal to T. Here the 
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sequence of coefficients depend upon four parameters α0, α1, α2 
and T.
Koyak, gave a scheme according to which the coefficients decrease 
with a geometric progression beyond a certain point, e.g., α0 and 
α1 may have any values and values and succeeding coefficients 
obey the relation:
αi = α2 λi-2 for 1 = 2, 3, ..........∞
Where o < λ < 1
Again these are only four parameters α0, α1, α2 and λ. Shirley made 
Fisher’s proposal more flexible. According to her, if distributed 
lag model is represented by                        

yt = 
1-n

0i
Ó
= w(i) xt-1 then the values of w(i) are the values at x = 0, 

…., n – 1 of a polynominal w(x) of degree q + 1, q<n, where n is 
the number of periods over which the distributed lag extends. Its 
estimation is based on the fact that once the (q + 2) points on the 
curve are known, namely that w(x0) = b0, w(xi) = b1, …., w (xq + 
1) = bq+1’ all the w(1) can be calculated as a linear combination 

of these known values by w(i)  =  

1q
Ó
+

=oj φj(i) bj (i = 0, 1, ...., n-1) 
where φj (1) are the values at x = 1 of the Langrangian interpolation 
polynomial. 
To obtain a more general distributed lag specification de Leeuw 
[21] used  a finite inverted ‘V’ lag as well as the sum of two 
finite geometric lags. Many other assumptions can also be used. 
In model (1.5) we assumed  

i
Ó c1 = 1. In addition, it is general to 

assume that all the α1 have the same sign so that α1>0 [8]. Thus 
ci’s obey the same conditions as of a probability distribution of a 
set of non-negative integers and ci’s may, therefore, be considered 
formally as the probability assigned to the integer i. Our a priori 
ideas about the evolution of the αI’s imply that this distribution is 
unimodel and skew. Subject to this restraint, the standard deviation 
on the non-negative integers provide as many possible assumption 
for the sequence of the ci. 
In particular Fisher [30] proposed the log-normal distribution, 
according to which c1 is the probability that a normal variable 
with mean µ and standard deviation σ takes a value between in i 
and 1n (i + 1). Also Theil and Stern fitted a distributed lag model 
in which ci were computed from the probability density.
-λ2i exp (-λi ) defined on the positive line i ≥0. The ci’s may 
be assumed to follow the geometric distribution ci = (1-c) ci 
which again gives the assumption of geometric decrease already 
considered.
When there is only one exogenous variable, this distribution has 
the advantage of leading to a model whose autoregressive form 
is particularly simple. The model can be expressed as

y0 = d 
∞

=oi
Ó  ci xt-1  + b + εt where  d  = α (1- c) 

It can also be written as
yt = cyt-1 + dxt + e+ξt where c = b(1-c) and ξt = (ξt - cξt-1)
As we shall see later, this is a considerable advantage for estimation. 
Solow, assumed that ci’s are given by Pascal distribution. According 
to this ci’s follow the distribution

ci = 

which involves only two parameters c and r. It reduces to the 
geometric distribution when r=0, and gives for other values of r, 
a fairly large selection of possible evolutions.   
Jorgenson recommended using rational distributed lag functions. 
According to him {αi}, the sequence of coefficients has a rational 

generating function.
Let the generating function of the sequence {αi} be represented 
by P (s) where P (s) = α0 + α1 s  α2 s2 + ….

If this function is rational, we may write P(s) = )(
)(

SV
SU , where U(s) and 

V(s) are polynominals in s. i.e., U(s) = u0 + u1s + …. + umsm.
and V(s) = v0 + v1s + …. + vns

n.
when the coefficients are normalized to unity. One can always find 
a rational approximation to any function. Also the class of Rational 
distributed lag models is very large. But Jorgenson had a more 
specific proposal for applications namely that the maximum degree 
of the polynomial U(s) and V(s) should be fixed in advance.
The above discussion includes major forms of specification of a 
distributed lag model. In the next few chapters an attempt is made 
to review the methods of estimation in distributed lag models 
under certain assumptions frequently used. 

References
[1] Aitken, A.C.,“On least squares and linear combination of 

observations”, Proc. Royal Soc. Edinburgh, 55, 42-48.
[2] Alt, Frans. L,“Distributed lags”, Econometrica, 10, 1942
[3] Amemiya, T, W Fuller,“A comparative study of alternative 

estimators in a distributed lag model”, Econometrica, 25, 
1967.

[4] Anderson, Kym,“Distributed lags and Barley acreage 
response analysis”, The Australian Journal of Agricultural 
Economics 18, 1974, pp. 119-32.

[5] Anderson, T W,“A note on maximum likelihood estimate”, 
Econometrica 15, 1947.

[6] Arndt, S W,“International short term capital movements”, 
A distributed lag model of speculation in foreign exchange. 
Econometrica 36, 1968, pp. 59-70

[7] Basmann, R L,“A generalized classical method of linear 
estimation of coefficients in a structural equation”, 
Econometrica, 25, 1957, pp. 77-83.

[8] Berger, J,“On Koyck and Fisher’s method for calculating 
distributed lag", Metroeconomica 5, pp. 89-90.

[9] Bischoff, C W,“Elasticities of substitution, capital malleability 
and distributed lag investment functions”, Paper presented at 
the econometrics Society Meeting, San Fransisco, December, 
1966.

[10] Boschan, Paul,"Book review of “Distributed lags and 
investment analysis”, by L M Koyck. Econometrica 24, 
1956, pp. 95-96.

[11] Brown, T M,“Habit persistence and lags in consumer 
behaviour”, Econometrica, 20, 1952, pp. 355-71.

[12] Gagan, Phillip,“The monetary dynamics of hyper inflations in 
M Friedman", ed., Studies on the quantity theory of money. 
V(I). Chicago. University of Chicago Press (1954). 

[13] Carr, J,“A suggestion for the treatment of serial correlation: 
A case in point”, The Canadian Journal of Economics, 5, 
1972, pp. 301-306.

[14] Carter, R A L,“Least squares as an explanatory estimator”, 
The Canadian Journal of Economics 6, 1973, pp. 108-113.

[15] Chen, D, Courtney, R, Schmitz, A,“A polynomial lag 
formulation of milk production response”, American Journal 
of Agricultural Economics 54, 1972, 77-85.

[16] Chetty, V K,“Estimation of Solow’s distributed lag models”, 
Econometrica 39, 1971, pp. 99-117.

[17] Chetty, V K and V Sankar,“A new approach to the formulation 
of distributed lag models”, National Bureau of Economic 
Research, mimeo, March, 1970.



IJEAR Vol. 2, IssuE 1, JAn. - JunE 2012 ISSN: 2348-0033 (Online)      ISSN : 2249-4944 (Print)

w w w . i j e a r . o r g 92   InternatIonal Journal of  educatIon and applIed research  

[18] Christ,"Carl: Econometric models and methods", John Wiley 
and Sons. INC. New York

[19] Cochran, D, G H Orcutt,“Application of least squares 
regression to relationships containing autocorrelated error 
terms”, Journal of American Statistical Association, 44, 1949, 
pp. 36-61.

[20] Copas, J B: “Monte Carlo results for estimation in a stable 
Markov time series”, Journal of Royal Statistical Society 
Series A, 129, 1966, pp. 110-16.

[21] De Leeuw, F ,"The demand for capital goods by manufacturers: 
A study of quarterly time series”, Econometrica 30, 1962, 
pp. 407-23.

[22] Dhrymes, P J,“Distributed lags”, Problems of estimation and 
formulation, San Francisco, Holden day, 1971.

[23] Dhrymes, P J,“Efficient estimation of distributed lags with 
autocorrelated errors”, International Economic Review, 10, 
1969, pp. 47-67.

[24] Dhrymes, P J,“On the strong consistency of estimators for 
certain distributed lag models with autocorrelated errors”, 
International Economic Review, 10, 1969.

[25] Dhrymes, P J, L.R. Klein, K. Steightz,“Estimation of 
distributed lags.” International Economic Review, 11, 1970, 
pp. 235-250.

[26] Diamond, J J,“Further development of a distributed lag 
investment function”, Econometrica, 30, 1962, pp. 788-
800.

[27] Durbin, J,“Testing for serial correlation in least squares 
regression when some of the regressors are lagged dependent 
variables”, Econometrica 38, 1970, pp. 410-421.

[28] Eisner, R,“A distributed lag investment function”, 
Econometrica, 28, 1960, pp. 1-29.

[29] Fisher, I,“Our unstable dollar and the so called business 
cycle”, Journal of American Statistical Association, 20, 1925, 
pp. 179-202.

[30] Fisher, I,“Note on shortcut method for calculating distributed 
lags”, Bulletin de L’ Institut. International de Statistique. 29, 
1937. La haya, pp. 323-327.

[31] Friedman, M,“A theory of the consumption function”, 
Princeton: Princeton University Press, 1957.

[32] Fuller, W A, J E Martin,“The effects of autocorrelated errors 
on the statistical estimation of distributed lag models”, 
Journal of Farm Economics 43, 1961, pp. 71-82.

[33] Godfrey, L G,“A note on the treatment of serial correlation”, 
Canadian Journal of Economics, 7, 1973, pp. 567-573.

[34] Godfrey, L G,“A further note on the treatment of serial 
correlation”, Canadian Journal of Economics, 7, 1974, pp. 
673-676.

[35] Grether, D M, G S Maddala,“Errors in variables and 
serially correlated disturbances in distributed lag models”, 
Econometrica, 41, 1973, pp. 255-262.

[36] Grilliches, Zvi,“Distributed lags. “A survey”, Econometrica, 
35, 1967, pp. 16-49.

[37] Grilliches, Zvi,“A note on serial correlation bias in estimates 
of distributed lags”, Econometrica 29, 1961, pp. 65-73.

[38] Grilliches, Zvi,“Distributed lags, disaggregation and regional 
demand functions for fertilizer”, Journal of Farm Economics. 
1959, pp. 90-102.

[39] Gupta, Y P,“The moment matrix of Liviatan’s consistent 
estimator in a distributed lag model”, Sankya. Series B. 30, 
1968, pp. 89-96.

[40] Gupta, Y P,“Statistical estimation of linear economic 
relationships, distributed lags and simultaneous equations”, 

Rotterdam University Press, 1971.
[41] Hall, R E, R C Sutch,“A flexible infinite distributed lag”, 

Working paper, 124, Committee of Econometrica and 
Mathematical Economics, Centre for research in management 
science, University of California, Berkeley, 1968.

[42] Hannan, E J,“Estimation of relationship involving distributed 
lags”, Econometrica 23, 1965, pp. 206-224.

[43] Hannan, E J,“The estimation of lagged regression relation”, 
Biometrika, 54, 1967, pp. 409-418.

[44] Heien, D M,“Income and price lags in consumer demand 
analysis”, Journal of Royal Statistical Society, 132, 1969, 
265-271.

[45] Jelavich, Marc. S.,“Distributed lag estimation of Harmonic 
motion in the hog market”, American Journal of Agricultural 
Economics, 55, 1973, pp. 223-224.


