
IJEAR Vol. 2, IssuE 1, JAn. - JunE 2012 ISSN: 2348-0033 (Online)      ISSN : 2249-4944 (Print)

w w w . i j e a r . o r g 96   InternatIonal Journal of  educatIon and applIed research  

I. Introduction
Econometric methods used to estimate the lag pattern generally 
do not make use of the a priori information available. Bayesian 
approach is a systematic and an advantageous method of combining 
a priori and sample information for estimating the lag pattern.
For estimating lag pattern empirically two methods are used. 
Here we introduce a number of lagged exogeneous variables in 
the model (Almon’s approach).
In this method, use of the reduced equation is made and lagged 
exogeneous variable are introduced. (V.K. Chetty’s approach for 
Solow’s models [16]).
Sometimes a combination of the two methods is used (Jorgenson’s 
approach). 
It is not clear in advance which method would be more reliable 
when autocorrelation is present in the disturbances. The second 
method gives cold comfort to some econometricians as it has 
problems such as the selection of the point of truncation, since 
for various truncation points the number of lagged endogeneous 
variables to be included in the model will differ.
Estimation of Shirley’s distributed lags 
According to Shirley a distributed lag model is represented by 
the equation 

yt = 
1

0

−

=
Σ
n

i  w(i) xt-1     (1)
where w(i)’s, follow the ‘Interpolation distribution’ according 
to which they are the values at x = 0, …, n-1 of a polynomial 
w (x) of degree (q + 1), q<n. Here n is the number of periods 
over which the distributed lag extends. If n is small, then w(i)’s 
can be estimated directly by least squares. If n is large, then its 
estimation is based on the fact that once (q + 2) points on the curve 
are known - w(x0) = b0, w(x1) = b1, ...., w(xq+1) = bq+1 then all the 
w(i)’s I = 0,1,…, n-1, can be calculated as a linear combination 
of these known values given by

w(i) = 
1

0

+

=
Σ
q

j φj (i) b j      (i = 0, 1, ........, n-1)  (2)
Here φj (i) are the value at x = 1 of the Langrangian interpolation 
polynomials 
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Nothing that these polynomials have the property that 
φj (xj)   =  1 ( j = 0, ..., q + 1)
φj (xk)   =  0 ( j ≠ k; j = 0, 1 ..., q + 1, k = 0, ...., q+1)

it is easily seen that w (x) 
1

0

+

=
Σ
q

j
 φj (x) bj is indeed a polynomial 

of 

degree (q + 1) having the values bj at the point xj as required. 
Hence equation (2) is justified. Since we shall always want w (-1) 
= w (n) = 0, i.e., zero weights before time o0 and after time (n –1), 
we may take x0 = -1, xq+1 = n, and b0 = bq+1 = 0
Then equation (2) becomes

w(i) = 
q

j 0=
Σ  φj (i) b j     (2,a) 

putting (2,a) in (1) we get 
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The bj’s can now be estimated by simply regressing Yt on the 

q variables xtj = 
1

0

−

=
Σ
n

j
φj (i) xt-1, j = 1, ..., q. The distributed lag 

weights 
are then calculated form (2,a). The computational steps are as 
follows: 

Pick n and q. One will frequently have some idea about how • 
long a lag is. In appropriation – expenditure problem, for 
example, the method used is as follows. Calculate simple 
correlation coefficient between dependent variable and 
successive lagged values of the independent variable. That 
quarter in which the appropriations explain expenditure about 
as well as appropriations when no leg at all is chosen as the 
centre of a large of n’s. The plan is to estimate a number of 
lags of different length. The number of parameters, q, can 
be determined to some extent by the number of observations 
available. Also it is known that the two points (t+1) and (t-n) 
are specified in advance to be zero, so the polynomial being 
fitted will pass through (q+2) points. 
Choose the location of the q points xj. The location of • 
parameter points in the interval [0, n] makes no difference. 
Explanation is that within the interval there can be only one 
polynomial of degree (q+1) which minimizes the sum of 
squares. The parameter points need not be integers. As a 
rule, all the distributed lag weights are calculated as a linear 
combination of q  estimated values. 
Calculate the langranian interpolation coefficient φ• j (i) as 
indicted. 

Compute z• tj = 
1

0

−

=
Σ
n

j φj (i) xt-1 for all t > n and j = 1, 2, ..., q. 
This transformation of the independent variables expands it 
into q variables. In time series, it also reduces the number of 
observations by (n-1).
Use multiple regression to estimate the b• j for 

yt = 
q

j 1=
Σ  bj zt-j + ut                (4)

Use equation (2) to compute w (i), I = 0, 1, …., n-1. The • 
standard errors of the distributed lag weights, combining 
both variances, and covariances of the estimated  regression 
coefficients are calculated from 2

1s  = φi σ
2 (z’z)-1 φi’       (5)

where  φi = (φ1(i) ... φ2(i)) and σ2 (z’z)-1 is the variance covariance 
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matrix of bj.
Very n over the range already chosen and repeat steps (a) • 
through (f).

II. Estimation of Solow’s Distributed Lag Models
As discussed in Chapter I, the general form of a distributed lag 

model is yt = a (
∞

=
Σ

0i
c1  x t-1 ) + ut (t= 1, 2, ...........T) (6)

where y and x are observable time series and u is random 
disturbance. Since model estimation of an infinite number of 
c’s using data is impossible, some prior information about c’s 
is inevitable.
Solow’s, assumptions about the c’s is that they are generated by 
Pascal distribution. The c’s are defined as 

ci = 






 −+
i
ir 1

   (1-λ)r λi    (7)

The model (6) can now be written as  

yt = ttr

r

ux
L

a
+

−
−

)1(
)1(

l
l

    (8)

Where L, is the lag operator. Equation (8) can be written as
(1-λl)r  yt = a(1-λ)r xt + vt    (9)
where vt = (1 - λ)r ut. Here it is assumed that v’s are independently 
and normally distributed with zero mean and constant variance. 
Later this assumption will be relaxed. To complete the prior 
restrictions, assume that
p(λ) α dλ  0 < λ <1
p(r) = 1/m r = 1, 2, ....., m
p(σ) = 1/σ dσ, σ> 0
It is also assumed that p (a) is locally, uniformly and independently 
distributed. It is also believed that these prior distributions represent 
our state of knowledge about these parameters. Also we know that 
a Beta distribution provides a variety of shapes, when its two 
parameters are varied. Thus the analysis can be done exactly along 
the same lines for any prior distribution of λ. 
Similar remarks apply to r. the likelihood function of the model 
(9) is given by
1(r, λ, a, σ, data)  α 1/σT exp {-1/2σ2 Q}  (10)

where  wt = (1-λL)r yt, zt = (1-λ)r xt and Q = 
T

t 1=
Σ  (wt - azt)

2

Combining the prior distribution and the likelihood function 
using Baye’s theorem, we get the posterior distribution of the 
parameters as 
p(r, λ, a, σ/data)  α  1/σT+1 exp {-1/2σ2 Q}  (11)
The posterior distribution can now be analysed to make inference 
about each parameter. Integrating out σ, we get the following 
marginal distribution p (r, λ, a/data) α Q-T/2

For each value of r, the model in (9) implies a particular lag 
distribution. If, for example, r is equal to one, as in Koyck’s model, 
we obtain the conditional distribution of λ and ‘a’ as 

p (λ, a/r =1) α [
T

t 1=
Σ  (wt - azt)2]-T/2   (12)

It may be noted that p (a/λ, r) has the form of a student’s t 

distribution, with mean â    = 
T

t 1=
Σ ztwt /

T

t 1=
Σ 2

tz

and variance s2/
T

t 1=
Σ

2
tz  where s2  = 

T

t 1=
Σ  (wt - â zt)2/ (T-1)

Using the properties of the t distribution and integrating out ‘a’ 

We have, p(λ, r) α  (
T

t 1=
Σ

2
tz )-1/2   s-(T-1) (8)

Now p(λ) and p(r) an be obtained by using numerical integration 
methods. The marginal distribution of a given r can be got by 
numerically integrating out λ in (7), summing with respect to r 
and evaluating the probability of a at each point. This amounts to 
a bivariate numerical integration for each r. But the moments of 
‘a’ can be found by a single numerical integration since these are 
weighted averages of the moment of a t distribution when λ and r 
are given. When the conditional moments are found analytically, 
the weighted average can be determined by numerical integration 
over λ and summation with respect to r.

III. Rational Distributed Lag Functions of Jorgenson and 
Their Estimation Methods 
A distributed lag functions is defined as:
yt = P0 xt + P1 xt-1 + P2 xt-2 + ...   (14)
We assume here that the sequence {Pk} of coefficients has a rational 
generating function. Let the generating function of the sequence 
{Pk} be represented by P(s)
Where  P(s)  = P0 + P1s + P2s

2 + ...   (15)
For P(s) to be rational, we should be able to write P(s) as: 

P(s) = 
V(s)
U(s)

, where U(s) and V(s) are polynomials in s.

U(s) = u0 + u1s + ... + ums
m

V(s) = v0 + v1s + ... + vns
n

Without loss of generally we can normalize the coefficients v0 
at unity. We impose the condition that U(s) and V(s) have no 
characteristic in common throughout our discussion. 
Under this condition, a rational generating function can be 
represented in only one way as the ration of two polynomials. To 
get the corresponding class of distributed lag functions we first 
write the distributed lag function (14) in the form
yt = P0xt + P1 xt-1 + P2xt-2 + ... = P0 xt + P1Lxt +P2L

2xt + ...
= [P0 +P1L + P2L

2 + ...)xt = P(L) xt
where L, is the lag operator. If the sequence {Pk} has a rational 
generating function, we may write

yt = P(L) xt = V(L)
U(L)

xt    (16)

where U(L) and V(L) are polynomials in the lag operator. 
Multiplying equation (4.4.3) by V(L) we get 
V(L) yt = U(L) xt
so that [1+v1L +.....+vnL

n]  yt=(u0 + u1L +... u mLm) xt (17)
so a rational distributed lag functions is a member of the class of 
rational distributed lag functions if it can be written with a finite 
number of lags in both dependent and independent variables. The 
form (17) of a rational distributed lag function is called its final 
form. The class of a rational distributed lag  functions includes 
the class of finite distributed lag functions as a special case. Also 
we see that the geometric distributed lag function of Koyck and 
Solow’s distributed lag function are special cases of the class of 
Rational distributed lag functions. 
In expression (16) for a rational distributed lag function if we 
take U(L) = 1 - λ and V(L) = 1 - λL then, we see that equation 
(16) becomes
yt (1-λL) = (1-λ) xt i.e., yt - λ yt-1 = (1-λ) xt
which is the final form of the geometric distributed lag function 
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with which we are familiar. Also if we take U(L) = (1-λ)2 and 
V(L) = (1-λL)r then equation (16) for a rational distributed lag 
function will take the form

yt = tr

r

x
L)1(
)1(

l
l

−
−

which is the equation of Solow’s distributed lag model.
For a rational distributed lag function, an estimator of the unknown 
parameters {uk} and {vk} of equation (17) ma be derived in two 
ways. In the first method a random term εt is added to the final 
form of the rational distributed lag function (17), so that 
yt = u0 xt + u1xt-1 + ... umxt-m - v1yt-1 .... - vnyt-n + εt 
(t=1, 2, ..., N)     (18)
where N is the number of observations.
If εt is distributed independently of all values of xt and satisfies 
the assumptions: 
E (εt) = 0  (t = 1, 2, ..., N)
Cov (εt, εs) = δstσ

2 (s, t = 1, 2, ..., N)  (19)
δst = 1  s = t  and δst = 0 for s ≠ t.
and further if the rational distributed lag function considered as 
an equation in the dependent variable is also stable, then the OLS 
estimator of the parameters {uk}and {vk}is best asymptotically 
normal. This is so if polynomials U(s) and V(s) from (16) have no 
characteristic roots in common. Stability of this difference equation 
is equivalent to the condition that the sum of the coefficients {Pk}

is finite i.e., 
∞

=
Σ

0k
pk = M (-∞< M < ∞).

In the second method we ass the random term to the original form 
of the distributed lag function (14) giving
yt = P0 xt + P1xt-1 + ... + εt (t = 1, 2, ...., N)  (20)
The final form of the distributed lag function can then be written 
as V(L) (yt - εt) = U(L) xt    (21)
This form is a linear structural relation in the latent variable (yt 
- εt) and xt; the observed values of the dependent variables yt are 
equal to the value of the corresponding latent variables plus an 
error of observation or measurement. Such a structural relation 
is identified if the variance – covariance matrix of the errors in 
variables {εt} is known up to a multiplicative constant.
A consistent estimator of the parameters of the linear structural 
relation (21) can be got by applying the weighted lest squares. 
The weighted least squares estimator is the solution of the following 
characteristic value problem. Let Y, - X represent  the matrics, 

and let v, u denote the vectors

The characteristic value problem is :

 
It is useful to observe that  Y’Yv + Y’Xu = λV
     X'Yv + X'Xu =   0
Hence  u = - (X'X)-1 X’Yv
  [Y’Y = Y’X (X’X)-1 X’Y]  v= λ v (22)
The vector v can be estimated from the second part of (22) by 
taking v̂ , an estimator of v, to be the characteristic vector of the 
matrix [Y’Y - Y’X (X’X)-1 X’Y] corresponding to the smallest 
value of λ. An estimator of the vector u, say û  can be got from 
the first part of (22) by writing for v.
The application of weighted least squares is a natural generalization 
of Koyck’s method of estimation of the ordinary geometric 
distributed lag function. In Koyck’s estimator, weights that 
correspond to covariance’s of errors proportional to the same 
random term are set equal to zero. A serious difficulty arises 
from the fact that the covariance terms depend on the unknown 
parameters {vk}. To meet with this, a consistent estimator of the 
variance covariance matrix of errors is obtained from a consistent 
estimator of the unknown parameters {vk}. An estimator similar 
to the maximum likelihood estimator is then computed with the 
estimator of the variance covariance matrix in place of actual 
variance covariance matrix.
Another approach to the estimation of distributed lags under the 
errors in variables specification can be got from the Approximation 
Theorem according to which an arbitrary distributed lag function 
can be approximated to any desired degree of accuracy by a 

rational distributed lag function of the form Pm(L) = (L)V
(L)U

m

m  
where v0 = 1.
According to the approximation theorem the lag operator, Vm(L) = 

m

j 1=
Σ  (sj - L) and sj = ej (j = 1, 2, ..., m). The polynomials in the 

lag operator corresponding to m = 1, 2, 3, ... are
V1(L) = 1 - e-1L
V2(L) = 1 - (e-1+ e-2)L + e-3 L2   (23)
V3(L) = 1 - (e-1+ e-2+ e-3)L + (e-3 + e-4 + e-5)L2 - e-6 L3

Equation (4.4.8) can now be written as 
yt + v1, m yt-1 + ... + vm,m yt-m = u0xt + u1 xt-1 + .... + unxt-n
+ εt + v1,m εt-1 + ... + vm,m εt-m.
(j = 1, 2, ......, N)
We may take Vm(L) as in (23) and carry out its statistical analysis. 
Define the new variables
y~ t = yt + v1,m yt-1 + ... + vm,m yt-m,

t = εt + v1,m εt-1 + .... vm,m εt-m,
As then the final form may be written as an ordinary linear 
regression: 
y~ t = u0xt + u1xt-1 + ... + unxt-n + t   (24)

Since E ( t) = 0, the least squares estimator of the parameters u0, 
u1, ….um is unbiased. To get minimum variance, linear, unbiased 
estimator of these parameters, we compute
c( t, t) = (vj-1,m  + v1,m v j-i+1,m + ..... + vm+j-1,m vmm)σ2  (4.4.12)
e.g., if m = 1  V( t)  = (1- e-2)σ2
   c ( t-1  t)  = -e-1σ2

Letting y~ , x, u and  be defined by 
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We represent the variance covariance matrix of the vector   as 
follows V ( ) = σ2Ω
Elements of the matrix Ω can be computed directly from (25). 
The minimum variance, linear unbiased estimator of the parameter 
u is 
û  = (x’ Ω-1 x)-1  x’ Ω-1 y
This estimator has the variance covariance matrix
V( û ) = σ2 (x’ Ω-1 x)-1 
If we assume that the elements of the vector  are normally 
distributed, standard tests of hypothesis and confidence interval 
estimates based on normal sampling theory can be employed for 
inference about the vector  of the parameter u.
Till now we have discussed the estimation of the parameters 
of an arbitrary distributed lag function. Now we shall consider 
the estimation of the parameters of a distributed lag function 
with coefficients {pk}generated by a general Pascal probability 
function. To do this, we should derive conditions under which 
a rational generating function with coefficients having a finite 
sum has non-negative coefficients. For doing so, we use the well 
known recursion relations
u0 = p0v0  
u1 = p0v1 + p1 v0
  ..................................
  um = p0vm + p1vm-1 + .... pmvo  
  ..................................................
  un = pn-mvm + pn-mvm+1 vm-1 + .... pnvo  
we assume v 0 = 1, as before, without loss of generality. It seems that 
the conditions under which the sequence {pk}defined by recursive 
relations is non-negative are unknown for the general case. It is 
straight forward, though tedius, to derive the conditions for which 
a polynomial V(s) of (14) is of low order.
If all the coefficients {vk}except v0 are zero, then conditions 
are simply that the coefficients {uk}are non-negative. If all the 
coefficients {vk}except v0 and v1 are zero, the conditions are 
  -v1 > 0
   u0 > 0
   u1 > v1u0
   u2 > v1(u1-v1u0)
  •
  •
   un > v1(un-1-v1un-2 + .... + (-v1)

n-1 u0)
If all the coefficients {vk}except v0, v1 and v2 are zero, the 
conditions are: 
-v1 >0
-4v2 > -v21
   u0 > 0
   u1 > v1p0
   u2 > v1p1 + v2p0,
  ......................................
   un > v1pn-1 + v2pn-2
   un > [λ2+v1) pn-1 + v2pn-2
where λ2, is the characteristic root of λ2 + v1λ + v2 = 0, smallest 
in absolute value. 
If λ2 < o, this condition is implied by the preceding condition; 
if λ2 >0, this condition implies the preceding condition; one 
of these conditions is therefore, redundant. We see that the 

number of parameters not necessarily zero equals the number 
of inequalities. 
These inequalities can be used as test of the restriction that the 
coefficients {pk}satisfy the condition pk > 0 (k = 0, 1, ...)
To utilize the inequalities to increase the efficiency of estimation 
for the parameters {uk}and {vk}one approach is to substitute in 
the right hand side of the inequalities given above any consistent 
estimator of the corresponding parameters. The appropriate 
weighted sum of squares can then be minimized subject to the 
resulting linear constraints on the elements of the left hand side.
Computationally, the revised estimator is obtained as a solution of 
a quadratic programming problem of quite simple structure, but 
there is no guarantee that this procedure will yield new estimates 
of the parameters that satisfy the constraints.
In the above discussion we have ignored the constraint
∞

=
Σ

0k
pk = 1     (26)

for a general Pascal distributed lag function. For the generating 
function of the general Pascal distribution we have: 

   P(1) = 1
V(1)
U(1)

=

so that u0 + u1 + .... + un = v0 + v1 + .... + vm
It is seen that this constraint is linear in the unknown parameters 
{uk} and {vk}. This constraint can be added to the linear constraints 
given above in the definition of a revised estimator as a solution 
of a quadratic programming problem. The usual situation is that 
the independent variable is known only upto a multiplicative 
constant. The constraint (26) can be used to obtain an estimate 
of this constant. Given the general Pascal distributed lag function 
with an unknown parameter β:
yj + v1 y j-1  + ... + vnyj-n = u0 βxj + u1βxj-1 + .... + um βm any estimator 
of its parameters say ( v̂ k)  and ( û kβ), implies an estimator of 
β say 

Taking the estimator of parameters of this function to be those 
defined in (4.4.9), we observe that the estimator β is minimum 
chi-squared; for the case in which the parameters {vk} are taken 
from the approximation theorem, β is an estimable function any 
may be estimated by the method of least squares. 
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